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2.7 Closure Properties ofRegurai"Languages

To prove that certain languages are regular languages. The language L is formed by

certain operatlon§ then L is regular. The main key objective is that one language is
regular then certain related languages are also regular.

Exz?mple: LetL is a regular language and M is a language which is related to L then
L UM is also a regular language.

Properties:
Union: LUM
Concatenation: L - M
Closure: L*
Intersection: L N M
Complement: L
Difference: L — M
Reversal: LR
Homomorphism: h (L)
Inverse Homomorphism: h — 1(L)

1. Union

Let L and M are languages over alphabet ¥. Then L U M is the language that
contains all strings that are in either L or M.

Theorem:
If L and M are regular languages, sois L UM.
Proof: Let L and M be the languages can be represented by the regular expressions

R and S, respectively.
L = L(R),M =L(S)

Then LUM=L(R)+L(S)
LUM=LR+YS)

Then R + S are a regular expression whose language is L U M.

2. Concatenation

Let L and M are languages over alph
contains all strings that are in L and M

abet ©. Then LM is the language tha
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If L and M are regular languages, so is L.M or LM.
Proof:

Let L and M be the languages can be represented by the regular expressiong g an
S, respectively.

L =L(R),M=L(S)
L.M=L([R).L(S)
LM =L (R.S)

Then R.S is a regular expression whose language is L.M.

. Closure

Let L be the language over alphabet . Then L* is the language that contains set
of all strings from L.

Theorem:
If L is regular language, so is L*.

Proof:

Let L is a language can be represented by the regular expressions R respectively.
L=L(R)

L* = L(R)*
R* is a regular expression whose language is L*.

Intersection

Let L. and M are languages over alphabet ¥. Then L N M is the language tha!
contains all strings that are in both L and M.

If L and M are regular languages, then so is L N M.
Proof:

Let L and M regular languages re

presented b ‘ accepted by fini
automata Ay and Ay respectively. 8L and Ry acects

Let , ' :
lai t i, ﬂ;f-’ s A= T 6, g Ry accepts Ry and M b¢ e
guage of Ay = (Qum, T, 4y, M, Fig) acoepts Ry .
Design an automata A ( ' .
as sh i : . imn
parallel, and accepts if 4 OWn in Figure 2.4) that simulates A, and AV

nd only if hoth AL and Ay, accept.
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If AL goes from state p to St&tggggr-lr {%ggﬁ’gén input symbol a, and Ay goes from

state g to state t on reading input symbol a, then Ay~ qwill go from state (p, q) to
state (s, t) on reading a.

d(p,a) =s
d(g.a) =t
Then
o({p,q},a) = {s,t}
Formally A LM = (Qux Qm, &, dam, (qux qm), FLXx Fm),
where oM (P, ), @) = (&L (p, @), Om (g, ) = {s,t}

L(A) = L(AL) N L(Awm)

The input string w is accepted by A, if and only if both AL and Ay accepts the

string w. The final states of A be the pairs consisting of final states of both Ap and
Am.

Input a

~
A

Start

AND Accept

r

Figure 2.4 Intersection of Finite Automata
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Intersection can be related by usimgyyffiese complement angd intersectio,

|

Il

<

LU (LN

M )
LNM= (LU

)

|

=l

. Complementation:

Theorem:

Let L is a regular language over al

phabet ¥, and then complement of a language
L is also a regular language.

Le=%Y" 1,
Proof:

LetL =L (A) for some DFAA=(Q, %, J, q,
B=(Q.%,6, q, Q-F). Accepting states of A
Then w is in L (B) if and only if §(
Wis notinL (A).

F).ThenL =L (B) for some DFA
become non accepting states of B,
90, w) is in Q-F, which occurs if and only if

. Difference

Let L and M are languag

€s over alphabet T, and then L—M is the set of strings
that are in language L but

not in language M.

Theorem:

If L and M are regular languages, then so isL-M= {Strings in L but not in M}.

Proof: L-M=LnM

regular language

i.e, Mis regular language,
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with reference to the theorem fondgiEresstiomof a regular language is also a
regular language.

ie. LN Mis also a regular language.

Therefore L-M is also a regular language.
_ Reversal

Let L is a regular language over alphabet X, then L¥ is the language consisting of
the reversals of all its strings.

w=aa...0an

U‘R = QApQnp-1 ---a2401

Theorem:
Let L is a regular language, so is L}.

Proof:

Let E be a regular expression for regular language L. We show how to reverse E,
to provide a regular expression E® for L

Given language L, LR is the set of strings whose reversal is in L.
Basis:
IfE is a symbol a, ¢, or @, then EX =E.

Induction:

Three cases are

Case 1:

If Eis E;+ Es, then ER = Ejr+ Eor
Case 2:

IfEis E;+ E,, then ER = Egr. Er
Case 3:

If Eis E1*, then ER® = (E;r)*
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The string is in L(E) if and onlyErfgtTiRNE NS in (Eq)*
Example: L = {0,01,100}; LR = {0,10,001}.

. Homomorphism

A homomorphism is a function on strings that works substituting a Particular
string for each symbol in that alphabet.

Example: h(0) = ab; h(1) = ¢.

Extend to strings by h(a; ... a,;) = h(ay) ... h(ap).

h (01010) = h(0) h(1) h(0) h(1) h(0)= ab ¢ ab £ ab = ababab
Theorem:

If L is a regular language over alphabet ¥, and h is a homomorphism on its
alphabet ¥, then h (L) is also a regular language (Refer Figure 2.5).

h (L) = {h(w)|w is in L}
Proof:

Let L = L(R) for some regular expression R. Let E be a regular expression with

symbols in X. Apply h to each symbol in E. Lan

expression is h(L). guage of resulting Regular

L(h (E)) = h(L(E))

hiL)

Figure 2.5 Homomorphism
Basis:

L (h(E)) = h(L(E)) = L(E)
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L(E) = {a},
L (E) = {h(a)}
L(h(E)) = h(L(E))
Induction:
Three cases

Case 1: Union
E=F+G.
Apply homomorphism
h(E) = h(F.G) = h(F).h(G)
L(h(F .G)) = L(h(F).h(G))
L(h(E))= L(h(F).h(G))
= L(h(F)).L(h(G))
h(L(E)) = h((L(F)).h((L(G))
Case 3: Closure
E =E*,
Apply homomorphism
h(E) = h((E))*
L(h(E)) = L(h(E))*
h(L(E)) = h((L(E))*
Inverse Homomorphism:

Let h be a homomorphism and L a language whose alphabet is the output language
of h. Homomorphism applied in backwards (Figure 2.6). It is the set of strings w
in * such that h(w) is in L.

h~'(L) = {w|h(w) is in L}

Theorem:

Ifhisa homomorphism from alphabet Y. to alphabet T and L is a regular language
over T, the h—! (L) is also regular language.
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@] = 1

Figure 2.6 Inverse Homomorphism

Proof:

Construct Automaton A and h for DFA (Refer Fi

uses the states of A but translates the input symbol according to h before dec
on the next input symbol. Let Lbe L (A), A = (Q, T, 4, q, F). Define DFA B= Q,
X, 7, q, F). Transition function § is constructed by the rule

gure 2.7). It defines h=1(L). DFA
iding

(9, 2) = 6"(q, h (a))

Transition B makes on the string of symbols h(a), it could be € , one symbol or
many symbols.

(g9, W) = 8(qq, h(w))

Input a
B
]
Input
h(a) to A
Start .|

‘ A ' Agcept!reject

Figure 2.7 Homomorphism in FA

The accepting states of A and B are the same. B accepts w if and only if A accepts
h (w) and B accepts exactly those strings w that are in h—! (L).
Problems:
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UNIT Il CONTEXT FREE GRAMMAR AND LANGUAGES 9

CFG — Parse Trees — Ambiguity in Grammars and Languages — Definition of the Pushdown Automata -
Languages of a Pushdown Automata — Equivalence of Pushdown Automata and CFG, Deterministic
Pushdown Automata.
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247 Theory of Computation

Y

N\

2.7 RELATIONSHIP BETWEEN DERIW\TION AND DERIVATION TREE

2.7.1 FROM TREES TO DERIVATIONS
Theorem o (AU -Dec 2003, Dec 2004, May 2005, Dec 2005)

Let the grammas, 6,= (V.T; R, S) bé context free. Then S=a if and only if there is
derivation tree in grammar G, that generates the string ‘a’.
Proof - |
© Let S be a variable, where SV, then S=>a if and only if there s a parse troe called
S-tree, starting from the root node (S) to generate the string, ‘a’.
The problem can be easily proved by the principle of mathematical induction.
Basis of induction . '
Consndcnlnloweaposs:ble mputvalmandprove the theorem given.

Sowcassmnethattlmelsonlyonemtenornode [height = 1] which forms the root
node, that yields the string a, by deriving the leaf nodes of Sas S-—» 8, 2383 .2 8.

The derivation tree for the generation ofS:a is given as
. S ’
Heightofthe | 7~
. tree=1 ' -
& a; a8 — Aaa

ThusS::-a,az....a.ﬁaisﬂtehputs&inggenemtedﬁ'oms._

Inductive step

> Assmnetlntthetheoremlstmefor‘n"" mpmdatundweneedtoprovethesamefor
n=n+] data. :

: Hencewemeﬂﬁtﬂwdeﬁnﬁont&embedm%for (n - 1) jnterior nodes.

. Andweneedtoproveﬂmthedcnvauontmunbedmm interior nodes
derive ‘a’ from S. forn * :

Hcre.weneedtoanal that certain nodes
interior nodes. " shall be-leaf nodes, Wheteas others can be
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| HmoelfanodeX;eTﬂ!enu; x’EnggTree com
Ifﬂ'lenode)nevmx,:a, isinG.

The derivation tree is givenas,  [By inductive hypothesis]

a,a3€V
a%eT
Thus,S:a;a;...._a,:aun-beobtained. _ .
Heuoethemmhpmedbymmm.mcﬁm_-_,x__é
Example , |
LetG = (V.TPS)beaCFGmﬂ:pmdtmioru,S—nSblub

Letuseonsldu'ﬂlebtsnsofmducu . -
ofthatrecshouldbe _onaoomdmgtort,ﬂnbwmtpossiblelnbgwheigm

‘_ Lumehei@cofunm-i- |
+- The grammar, S yields only one possible string § —» ab which Is given by
. s -'- = ’
S :
~ tmd ~.  a=ab[S=ab)
Accordnngtothehlducﬂvestepletusameﬂntwem derivati
height (n - I)andweneedwpwvemuhjsmforﬂieueeofheight,n. ) - ontmeof
Letn—-1=2 ' ’ '
- S =aSh
i [ ]
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= aaShb -

&m

= aaabbb

»h
_S

b <— Terminal

'rermmal
a S b_ Nontumun.lrootofthemb-m

_'_'_"mbbb,
LMD

This is assumed. _
" ‘When n=3 [(n - 1)+ 1] the derivation becomes,
'S =aSh
m

= aaSbb
(-]
=> aaaSbbb
. - E &
v iaaa_abbbb::'a-

~S=a

7 a b
S = aasabbbb = o

Thus if the theore is true for  tre of height (a - 1), hea it s rue for height .
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2.7.2 From Dertvation To Recursive Infergtiegsy Tree.com

Dnedren
_/

LetG = (V.'r P, S)beacpcmdifmmm A=a where a isin T*.

Thenmerecmmveinfamoeprooedmeappliedmcdewmhmthta 1sinthelansmse0f
non-terminal ‘A°’. . . .

We shall provetheﬂ\eomm byﬁ!epﬂncnpleofmaﬂ\maﬁenl indnetlon.
Basis of induction :
Let us consider the lowest possible inpufofthe grammar.

LetA::a,thmthmmustbeaproductionA—»amG thenweeaninfertlmtalsm
~ the language of variable A.

~ Induetive step

A i oo iolds for the derivation has (n.i) number of steps and we
need to prove that it holds for ‘a’ no. of steps. | o

I.ztthedenm_:onbemas,
A X XeXs .. Xa

=>a

GRSl s e W

Then a can be broken as | : . " . -
u"alo.g...dg ' o P ~ PET
where,
g Xi =a
'I‘hedenvatlonx :w, eantakeatmost n-l'nmnberofslzpsmm

Nawwehaveapmdwdon,
A-)X| Xa... Xy

: lnfera;tobemﬁmelanguageof)(.
<+ @1 0z .. 0 I8 inferred as in the language of A,
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Ldtmost del;hlﬂol of a tree yields nﬁgpgTree_.com
Theorem §
LetG= (V,TPS)beaCFG SupposotlmeuapmemewiﬂamothbeledbyMA
€ V and with yield a where a € T*. 'Ihcnﬂmelnleﬂmostduivuiou A.-.-)a. in G.
Proof ' .
R TheﬂaeomhisprovedbymthemaﬁulWﬁonmﬂnheightoﬂhemm.
Basis of induction o
Let the height of the tree be 1, the tree looks ke,
SR g
L O :
treo=1 m,z—\&maq" -

A —>T

HmﬂnmotuhbeledA,Aedethachﬂdrmmﬂnlufnodes @y Oy ocere By
whichamreadﬁomd:eleﬁtorightmgeneraea

Thus A:j:a.jspmved.
Inductive step ;

Wpassumemeheightofﬂiem'as'nlpl,m Aéu"stmda._ o :

Wene-edtoprb'wtbameforn-ﬁl. .
There are two issues:

The child of A can be terminal / variable as given
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_ - &.com
IfA; e T,-dienxiaai[m;.—nenniml]

2. IfA; e V, then there must be some leftmost derivation, A, =a; .

F.drnmdi’.alai‘ar"f‘-- |
AéA,A,A,‘....A‘ (for i=1,2,3,....0)
%a, Ay ooy Aj Ay Ay A,
If A, is & terminal, then |

A, D% % ey A Ayg A,

If A is a variable, then
A=p 2B, 2.2 )
. {
and _ .
| A:':a,a,.....aH'A,AH..-._.A_“ '

. :G‘G,,m'.-.ﬂl .

Ay oo A-=5"'|"'2B1A|

Ay A, =>a,a1 Oy e Oy Am Ay oo A.

A=ala2’ iy Akl Ak:

*

‘=>(0

musdleﬂmmhasbeenproved.

2.8 SIMP'LIFICATION OF CFG

meneedforslmphfymgCFGistomakeiteas:ertomalyzemdprovefactsabout

- CFL.
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UNIT IV PROPERTIES OF CONTEXT FREE LANGUAGES

: _ Turing Machines —
Normal Forms for CFG — Pumping Lemma for CFL — Closure Properties of CFL

Programming Techniques for TM.
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Applications of Substitution Theorem:
e Union
e Concatenation
e Closure (*) and positive closure (+)
e Homomorphism.

1. Union:
Let L; and Ly be CFL’s. Then the union of L; and Lo,

SL) =L, UL,

where L is the language {1,2} and S is the substitution o; o d
S(2) = La. n given by S(1)= L; an

2. Concatenation:
Let L; and L, be CFL's. Then the concatenation of Liand L,

S(L) N Ll.Lg

where L is the language {1,2} and S is the substitutian o y
’ titu 1., an
S2) = L,. tion given by S(1) = L1
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3. Closure: EnggTree.com
Kleene closure

Let L, is a CFL’s. Then the kleene closure of L, is given by,

S (L) = LI*
where S(1) =L, L = {1}*,
Positive closure

Let Ly is a CFL's. Then the positive closure of L, is given by,

SLy=L7

where §(1) = L,L = {1}*

4. Homomorphism:

Let L be a CFL over alphabet ¥ and h is a homomorphism on . Let S be the
substitution that replaces each symbol a in X, by one string h (a).

S(a) = {h(a)} forallain ¥
Thush (L) =S (L)

5. Reversal:
Theorem:
If L is a CFL, then is also a CFL.
Proof:
Let L = L (G) for some CFL. The CFL generated from CFG G = (V, T, P, S).
Then construct the reverse of the grammar GR = (V, T, PR, S), where PR is reverse

of each production in P.

e g g e S € e S q "_"'ﬁ ———————————— 1
G A 1 © A |
I ! | |
I 1 i !
| ﬂ\ | | //\ i
C A ay  a, E %n -1 ay
| | !
L(GR) =LR

All the sentential forms of GR are reverse of the sentential forms of G.
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6. Intersection: EnggTree.com

Theorem: _ e T _
L, and L are context-free does not closed under intersection. i.€., L1N Ly is ngy

possible for context-free languages.

Example: n
The languages L1 = {0™1™0"/m,n > 0} and L2 = {0™1"0"/m,n > 0}, are
sible. Because L requires m

both context-free languages. Then LN L is not pos : .
number of 1’s and L2 requires number of 1’s. The non-context-free intersection

L; N Ly = {0™1™*"0"/m,n > 0} is not possible.

Theorem:

The class of context-free languag
languages, that is, for every context-free language
L N R is context-free.

Proof:
Let the language L be context-free language and the language R be regular language,

es is closed under intersection with regular
L and regular language R, the language

To run the two automaton “in parallel” and result in another PDA.

Let P = (Qp, Z, I, dp, qp, Zo, Fp) be a PDA that accepts L by final state. Let A =

((f);, 2216: qa, Fa) be a DFA for regular language L. Construct a new PDA, intersection
of P an i

P, = (QP X QA: 2: F: 61 {QP’ CIA}, Zﬂa FP X FA)
where d((p, 9), a, x) is the set of all pairs ((r, s), 7), such that

i. r = 8"\(p, a) in Finite automata

ii. (r,7) = 6" (q, a X) in Pushdown automata
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move of PDA P and FA A. then there should be corresponding move in PDA

p’. In finite automata

i If ais any value, then 4" (p, a) = " (p) for some states.

ii. ii. If a = ¢ then, then 4" (p, a) , A does not change the state.

In PDA

(ap. W. Zg) F" (g.€,7)

If and only if

((gp. qa) W. Zg) I ((a, P)E; )

where (q, p) is an accepting state of P, if and only if q is an accepting state of FA A
and P is an accepting state of PDA B

To conclude that,
P’ accepts w if and only :f both P and A accepts W, where W is inLNR

Difference:
Let the language L be context-free and the language R be regular. Then the language
L-R is context-free.
L-R=LNR
Complement:

Let L context-free does not imply that L is context-free

P

LUR= Lﬂ_R-
LNR= EUE
Inverse Homomorphism: . then h-1(L) is the set of strings w such that

L is any language, h is homomorphis
h(w) is in L. To construct a PDA 10 26¢%
accepts.

pt the inverse homomorphism of given PDA
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Siaoe

After reading a, applying homomorphism h(a) is placed 2 2 Sefer The svmone -
h(a) are used one at a ime. When the buffer is empty. conszrucead PDA reud mose -
its input symbols and apply the homomorphism to it
Theorem:

Let L be a CFL and h be a homomorphism. thea h~ (L) s 2 CFL
Proof:

Construct a PDA P = (Q. . T, 4. go. Zo. F) thar acoepes L ™ Sl same

 $F
homomorphism applies to symbols of alphabet ¥ and produces ssnee s m T L=sa

language over alphabet T. We construct a new PDA.

P = \Q' . I.¢, &‘R‘~:‘\:~Z,‘~F N \‘:3\
where
Q' is the set of pairs (q. x) such that.

L qisastateinQ
. Xis a suffix of some string h(a) for wput symbol 2 Y

First component of the stack of P is the state of P and the savond Qomponenl N X
buffer. & is defined by

L@ ) = {(@ (@)L X)) whereain Y. qin Qand X ia U

w. 3(g. b x) = (p,3) wWhere bisin Tor b = <, then

F((q ), e, X) = WA XY
P stants in the star

n ¥
Accepling state of P

Sate of P with an empty huffer  Accepuing stawes of B
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