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UNIT-2

TWO DIMENSIONAL RANDDM VARIABLES

DEFINITION ¢

@t S be a sample space and let x- x(5) and Y- Y(s) be w0
Functions, ead a&slamng a yeal  Numbev. Each oytcome Set S, thon@,y')
IS a two dimensional Random  vasiable -

TWO- Dimiensional  piscyete Random vasiable

If the possible values of X,y owe fnite. then (x. y)is caled a
w0 dymensional discvete  Random \aviable . And it can be yopresented by
P(Ilrlﬂj)

Jonk Propability  Mass  Function : (p.m-f)
i) PCajy)z0

(i h m
V>3 Plapy) -t oz
=t B GRS
Maxgindl probability Distyibution ¢ fic5 z. it
\\ I::.'JC 1 -";1.'). \ J"} :j
ot
X ¥ Ya Ym P(x- X1)
b ¥ Py Pz Pim Plx=x1)
Xa le pu ?1m P ( ®=x _,)
Xn Pru Pna TJ‘nm. ?(X:Xn)
[PO=90] P-4 | POY-y) Phy-yy | !

The Maﬂinal (Pwobability  function i x 5,
FP(X‘ XI) o P(_t: K:J ok ?CX’X“) i

The Ma‘rC_pnal @robqbilita function if yis, -
P (y=y)- PLY=y,)... vcysgm}.

Conditional (Probability function of x:
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anég?reefcnrn

tonditional  Pvobability  Function 0§ X given Y= Yj

‘P(.__X”“ - PO=xi YY) = P
il POy-yp) /r

conditronal (Pmbabl’\itﬂ function Of Y:

conditional @;obabmtj Function of aiven X=X
'P(Y’L!j): 'P(\[-‘ﬂj Nx=xi) = PJ‘/?;:

X=%i
Plx- i)

Conditiona{ density fundion x on y ond y o x:

o 1) 15

Yo xs  £(¥x) - $(=2Y)
(=)

1) TWO Dimensipnad Continous Random Vasdable:

I (xy) AN ossume all the Nalues in a specified 123\0\‘1
R in (oy)Plane , then (x4 is caled OS5 Two Dimensional COMTNUOUS
Random varlabie .
Join Probqut\nj density - Function : (p.d.)

i) flxy) =20
‘1'!)3 ]o oy dady = 1

—w -Ww

Maxging? pd.f Of x is qiven by y:

+x) - E-F(Mj)dq(\j

—w

Movginad pA.f ot y is qiven by .

L]

+1y) - J 40,y dx

1ndependent :
I x and y are indQPQ“dmka
) £00)- $ly) = +xY) Continuous case]
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IS

Plx=i). prs)) = Py [ Discrete cose]
“Eﬁﬁ‘

bz b
Play< x <b, , Qg <Y <by) = J J f(x,lj)did&]

_ g:%\,m‘b@‘gxm A
Join Probabiiey A Fundion:

Fx) - Jﬁ f :r(x_\j) dxds [ continuous Ccoae)

-w -

FOO = p(xex), yz x) [ Discrweo cone’]

= Z E ’P(x; ) ‘:\i)
Xiex ey
Discretn : NS B
1. oM the muowma distribution of (x.y), ‘f\ ;‘3( ;v]
A\ ,f~?
;\:‘35‘]‘6:*')\
\}
" [ 2 3 4 5 6
0 0 0 Y3q | 32 | Yar 732
f Yo | e | Vs \[3 Vg Ve
& Yao | Yar Yoy | “fou 0 ey

i) Aind PCxel), PYL3)

i) Fnd Pzt y£2)

) Fnd Plxret/y£3)

W) Find PLYE3 [xz1)

V) mnd P‘\G‘fﬂlm\ Distvibution Of x.

V) Find Maxginal Distripution of Y.

vi) Find conditione) Qistvibution of X, 9iven y=a,
vh) Examing x and Y are independent.

) Fnd Ey-ax)

Solution;

Given:
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x Y | 2 3 4 5 b Plx= %)
Q 0 0 Vs | ¥ma M2 | Fa | PED=B4,
' o Yo Vs '3 Ve s [P=)=1%1p
1 Voo | Va2 | ies | e | 0 | Mer  [POV= Sy
o PO [py=2) [Pv=3) PG [plves) [ plx=b)
P (Y— (:h) =3y |32 |° ]l/b‘_ = l3!b4 - b/ g | '\’/b.l. 1

) Mmqu\\ pistyibution  Of X:

’P(x 0= 8/, Px= =18/ PCx-= ﬂ 2 /b4
h)MC\rqmcd pistvibution of Y-

POy 3 PO g ) POy PLY-9 s JPEY o) blsa .
POV=b=16p,).

i) Plxer) = P(x=0) +P(x=)
8/311— ‘Dfll)
28/31

-k
M) P (yes). ply=t) +POE2) +PO¥=3)

"

= + 1
3/31+3/31 /64

Y
V) Plxet /yes) = Plxel, &)
Plyed)

VFTY
23/,

18/93

vi) p(xz), y£3) = 0+0+ '/_.,\1’“/16’r Yt Ve

n

"

"
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EhRggFee-com

l‘"“') Plye3 /xe) = P(ye3d D Px4))
Pxet)

Y32
38/34

) T Yas
Vil £
P&+gbﬂ:> .POI t PO.‘L + Pos *’Po:, + Pn 1’?|1 1_ﬁplz. v p’-' +'P11

= OH0Y hat Y+t St et ARV ERY

= B3y
Ix) conditional pistvibution of X, qiven y=4.

P(x=0/y=2)= Py . 0

P (-
'P(le/yzi) = P = Vo =3/5
'p(y:-’t) 3/31
'P(X=Q/‘f'—“a) = ‘P‘ll e \/31 = \/_3
P (y=3) 332

X) plx=1)x p( x=2) = Pyy ( Propevty) -,

e *8es * Vit
s xond y ave NoOt independent

xi) £ (y-2x)= E(y)- AE(X)
Ex) = X x; plxi)

S Oxg/31+ I X lD/|b+ &xSlb+
5[5t 4]y
/T
= :'_/lB

EQr) - = y;ply)
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+ ©Xx \b/bf

. 1 v 4x13/, ¥ 5 XE,
1 x 3/31.{» 1)(3/311— 3 x ey b4

Y8
sag, . + 39, Ty,
Y t /32" 2o 7" lbs 3

.'LBCI/M} - 2(¥s)

= \lff/bA

E(j—&x)

. . i ( p =
2 Jom Erobability  Function of x, y ' GVEN Y, P i

K(:unaa) H=0,%,9 . Y=1.2.3

1) FInd  mavginal @yobability dStibution of x and v .

") Find Probobility - distribution of X+ -
i) ‘]{(}(-Hj) >3)

V) FAnd Al conditional  diStvibutions .
=

0 3k 6K Ak | 16k

I 5k | ek [ WK |aax

a4 TK oK |13k | 2apk

PﬂY‘fYJ) WK | 4K 33k [1ax

Griven:

We Know that,
In Joimt (Pﬂ)babi\ﬂilj Mors Funcign,

3

Zx plx, Yy =1

t=0 )=
TakK =1

K= 771
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® ! a 3 Px=Xj)

0 3/ 6/11 Ui 1%/32

‘ %1 | B2 | Y2 | Ml
2 e | e | Bsa | 3912

POY-| Y sa | *5a | *¥5a 1

D Mowginal  Drstvibution O %
g
Px-0) =\8[4y , PX=1) = z‘1*"/4;{ 5 Plx=2) =30/32a
Mavginal Distyibution of Y-
PLY=1) =154, % Ply=3) . 2439 5 PY=3) - 35 /12

ih) Probability  Distvibution of xiy:

X +Y Probability
1 (Pt > e
2 (Poa, +Pn> /3 Y3 = V5
3 Pos Pt Pur) | Y3z /3 7 M
4 (PatPn) [Ynt9 Pha

5 (Pa 5) /32
|

Ot Y

i) Plxey>3) = PLxry=4) +PLx+Y=5)
T AWy YR/ e
T84/t PLxey >3
©Y)
Px4y>3) = Pyt Paa? Pas

34/5, -F1OMEODIL,

iv) condifiphal Digtuibution x ony:

Por = 33 = 3y, = Vs

.-_—D/ =\ =
P (x=0/y=1) S e
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Plx=t/y=D = _Pu 530 = 515 = '3
Ply=) TESY
FP(XZQ/y:D = ?_1_‘ - q—lg‘l _ 5}’[‘5
'p(x:D/ 3 1 L P
\’ ) 01 " 6!*1 . 6/11‘ - \’b
PCy=3)
24+
Plx=1/y=3) :__B_J:___ . S/3a . 8/ Vs .
B I Fr - I
¢ y=2 Ply- 3_ % 12
PCreoyy=n) = Poza - ay . q/aa
Ply=2) 33 /42
PUx=1/y=3) = B, wrx T Was
Ply=3) 33 [+a
Plr=a/y=3) - 13/52 13/33
P(Y=3) 33 /32
conditipnal Distiipution of Y O X*
Py /x=0) = Po . 3w T e ="l¢,
P (x=0) 18/5a
PCY=R /x0) = Por . 6f3q = bl = V3
P(x=0) 18/ 39
PO3/x0) = Pos . dpyy —apg - 2
PCJK:O) |a/w_1
POrey = P L 530 = Bjay
Plx=1) M\—H‘L
'P()l’=1/x=u) =__p!1_ 832 = 3, = Vg
B ey
POY=3/x2py = Pis sy = Has
P(x=1)
[T
'P(y=\/)‘:~o .
Pai I £ G Y30
PG 30/ 3a
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P(y-a/x=1) = Paa . 932
Plx=1) 390/ 32
Ply=a/2=0) « Py,

\D/bo = VQ

Bl = Bl
P (%x=2) 30 /43 _
3 A JONE Distribution of fy)= .__MJ , %=1,3,35 y=1.2.
) Hnd, Mmﬂ\'nql DISTYibUiON-
) And E(x,y) .

X \ L | Plx=t)

| A3 | 3 5la

2 3ay A/an P/

3 |4/ | Ya U
POy | aray |13y, 1

//;f‘;lm
. .
s = [t .
. RPN
) Mavginal Distvibution of x: N\ i)
Jd NI

P(x=) - 5/al1; Px=2) = F/,, 4 pu:3):qlu- ‘
Margiﬂul Distvibution of Y-

POy=n =9 > Wy=2)=1ala

W) Exy) - r%_l ;}; xy Plx,y))

(i Ml/u) - (lX'l X 3’/.1]) + (&Mx 3/10 + (a;\ax 1‘/&‘) ¥
(3x)x 4/u)t (311)&5‘/1;)

a
/a1 b/ Fo/ Y b ray, v 3p
17 Hay F Yy ¥ 80/,

30428+ 14
al

= 1]

al
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4. A TOINE pd.f Of rondom Navioble flxy)is givenby,
Ty 1S ijQﬂ b‘j,
'Hl,\j) = Kiﬂg’[fﬂj) » X220, ':\ZO

1 +ind k.
") Prove that x and y ave independent

Solution -

Given -

Ly s joine pdf

(]
CR="r ]
o&~—1

-~

=
c

=3

1
1
o

[l =4

E\J
<

h

-

LY
TO Fnd, jcmldac,
0

g = ; =0 =]

dU/dI—:&I p A=w = haote

dLL/aL: xdx
= © -y -
d =1
et (e,
= "V 0-0
T V/a
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rom ©,

KR =

K/ﬂ:\

Ce-n |

f("‘/‘j) . 413Q-(1r31)’ 1\20,\320

) ) = fﬂx,\j)dg

" [y
0

e 1

420 (1)

= ax ™
b 3

)= axo*

Hy) - f—ﬁiﬂj) dx

s __11_3’-
= | 4YyR d>c
433
2

= 435‘*1 Jaccfxdac
0

If

489:51(‘/1)
"‘[3) = &Je‘ﬂ *
too. 9 - Caxg ) &H;j‘)

T A4 1y Sl

4_13Q{1‘+Lj’)
0. fly) = f(:t.L))
o2Cand Yy ave independent
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5. A Joint pdf ©Of Rondom varioble 'HIfld)iS fb(,ﬂ)z Q-[l«ﬂj)
xand y are independent -

O<x, 5“» - prove that

Soution -

[ 4

) = J Flx,y) dy

-9

< TeYay
!
X

= e Jweﬁgd

J
= _arp oy
(),
= X (ot)

O =0
ty) = jofu,ﬁ)dx

~to

d‘ e Lo Ydx

"

0
_ )
- (L),

= ¢Jd(on)
F(y) =
"H:x).f{xj) e ¢Y
= XY
= lary) = HJ(,LD

f00). Fly) = $00Y)

X and Y are ndependent -

Hence @mved ;

X andy avg Independent.
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€ If the J0INt pd.f ©f tLo dimemsional  yandom Nawiable |

f['—I,LD = {x‘.‘.mg/e’ ;0L «l, 0(3(1}

D, Otheywise

DERA x> y,)

h) Fing plx>))

M) Fnd P (yex)

V) Find P (y<vy /H‘/l)

V) Fnd p Xty 21)

Ni) Hnd  the conditional dens‘\tjj funttion .
Solution:

Margmal Distribution of x:
0 = I{txtj)dg

- Do

2

j (14 19/3)0\9

(g vy,

a+axy,

]

H(x) = 1x‘+n/3

Mavgina| deLSitB Function of y:-

1y) -

J (2+yy,) dx

) Gs/g, r :)LLB/ t) lo

AR

- A
b

fLJ) = ary
b
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NPCx> Ya) = S(axﬁ 11/3) dax
'/:L

- ]
.u " 13 )I
/2

(:7*"3 (% %)

= /3tVa "V Y2

e v 1
T 5/

D prysy Lk
" | (atyay

1/6(13 A 3,1
Yo (A ta-2a -\/0
= '/6(?/'0

T Y,

J j (= "19) c\ydy

0

W) Plyex) -

e

I( xa+x3/e) dx

o

L]

J ?:3576 ax

[}

X4 2

=

:’Ilﬁ
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M) P(Y<Va /X<Y,) = P (x<Ya ’\7“/1) >@®
Y
P (x<Va) ‘
= Y ‘h % Z
> axd -
(oo
A .
x(l/a’f 119/&) 2y
0
= ‘,l
J ('/24 Al H/;u,)dg
+]
= 2 \h
(1’)/31 L 3/143\0
= VYas s
] B/Icn' 4@\
( ,fﬁ“\ \?&:_1
P x<\/1) =1-p (AZ_\/1> \."f }_2
\ & s |
Y
from (O
T M sy T Y
Y6
5/,
Pé[‘-‘/) /XLT/Q_ ) = 5[ \
3
V)P Cxty2))
= - px+y <)) =
L |_x < -
PCX+5<I) = JJ (1.._+ 19/3)&:]()1 Y=0 b
o 0
= » 2 =20
JC“—\B +3Llj/b )0 dx
0
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t
= ( 5 124 xrxe’-.u") dx
\ 6
0
b 2
(11-13+ TRy A )

[»]
= J'(-aci-saﬁ/b rzb) dx
0

3

| (25 )
0

\
= = 5:)(? - 13 + 17 )
¥ /3 1),

T T T sth

’ Fj/.'L4 32

/4 T

POy 21) = (- pary<)

-
12

T B
Vi) ('-Ol'ldiﬁona\ :DmsitH ‘unction of x-
) =109 - Cray,

-ﬂg) A_:tl

@ Fxy)2
ey

6o 2y
a+y

"

(Yo ) = RETYIN 2y,

3x*

Ay 2/, baZy g

"
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(7 I{ x and y are 10 dimensional andom vaviable h&V‘ﬂj P-d.§

l2y) - 1 Vg (b-ay) » Dex<d ‘k

24344

0 5 Otheywise

) Ang P(x<)n(y<3))
W And P Cx<) /y<3)
M) Fnd P (xiy)<3)
Solution:

i) ¢t 3
PLex<n n (<)) = JI /A (6-x-y) dydx
0 o

\ /;:T;:}"
=
7z 5-“..-—-...”‘ e
&
2l

= 4 f/
A [T
[\ k‘ ;\\ i!’ lj‘*'
T sk

Vs J(\s T30 -9/, =12 +AxX +2) dx
0
- 1
/)8 -x ~9yax

]

B 1

G JQ/{I) dx

0
!/GB (t -;:lilgl B :leﬂ-j)‘u
l/8 ( Y - '/,1)

,/3(5/1>

- 3
i) p (<t / y<3) = PEx<) Aly<3) >Q)
P (y<®)

PO - | +tyray

a

Mmjmal :Dznsttﬂ o4 Y.,
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Hy =

Vs (6x - 171_19)10

'/3(11~L—15)
\/s(\o-l\j)
- loay
g
3
Py - Vs S Qu-u:))c\g
- Y], Byeaayn
Yy (30-9- 20+ 4)
l/g ('D-—5)
= 5,
F o p{x«l
fmm®, 3/8/"-"73 = Bfy = [ /yalj
) PCxry<s) T‘Y
- ¢ 3T 0D
J J yg(a“l“jj}djul ) *P | nryz%
- oo s ,_)_tg,—"n.)] ‘.,' ‘d
- BT — X
/sJ(bj Ty ‘j/ﬁ) c\:( :%‘7_0&(3 Da.-:n;ﬂ_xe\ Y0 Go)

kR

Vs J[_i ba /aa(+x - -y, %)+QL—IO] Uf'h
= U JF"HLJFII%L
[~41%ﬂ]
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f
|—
]4:-
|
Do

L

1

\/J

.o~ -

8. A JUNt pd.f -f(:p\j) - i“ﬂ; 0<x <Y<
; ©  Dihevwise
i) Find Mcxrjmal ,PAF OF x &y

M Pprove that ,

solutipn:

x and ¥ ave Mdependent .

Mmgmal Po.f Of x,
T I-ftx,gpdg

-w

*

= J sy dy

X

{E)

s

=(8zx _8x3
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Emam ]

= 4 -4x°
Mmg\ncu pdf Of Y,
y) - f 1, ax

o]

) j 815di

0

ol
G2 D

3

= ay
ﬂx).'I[lj) = (4::-4:(3)-(433)75 813 ;tf(-'bﬁ)

" Xand yove not independent-

4. Gtiven Fouy = fex(ory) » 0<x <2 tixed .
-qLU L
o » Otheywise
1) Evaluate C.
W End E (0
M) End  F (Y
tv) Find £y (N
SOtiDn -

) smee  4lxy) IS jomt pd.f

¥ fla,y)dxdy = |

Cox (1,5) dﬂdx -1

"1
> jj{‘

x

ct ¢ s dx = 1
|| e

D

2 JL[ 115'1571110‘11 1
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3
JC ) (=)
[+]
= /N
CJ 1x3dx = |

fl) -f)(_(I) = j‘x{_['x,a)da

l/3 J (ac"-suj) dy

=T

"

7 (2y- "Jl/z ):L

= ‘/g ( - 76/11'131 %

e (1°)

T 137‘}

iv) F}j(\)) = j'”ﬂ"j')di

(o]
2

T e th—xﬂ)d*

]

= Y %y - 119/2)10
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l/S(Q/B” ga)
! -bt
/8 (229

‘/ll} C8~55)

Y

‘/4 (4/3‘ '_'3)
B V|1(4‘35)

UALUATRET)
f1x)

XY 4

Q‘h ] OLE’/:&) (4/7:3)

(ZED) (%)

&

O - 2

1}

f

(D - VARIANCE ¢

It x ond Y ave two Rondom Vaviabies, the €o-varionce betwen
them,
Cov(x,y) = E(xy)- EX)E(Y)
NOtp:
T+ x and y ave independent ,then
E(xy) = ECOE(Y)

J  Cov(xY)- O

' = - iance = 5.
1. If x has Mean-4. Voviance= o, while y Mean hos = -2, vavion
ond the tw) ove independNt .
pnd D ECxy) 1) EQCXYY-
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COILItiOH:

Y Mean E(x)- 4, Mean E(Y): -2
Yar(x) = q  Nay(y) = %

Sinte x ond Y are independent.

ECxy) = E(x).ECy)

E(xy) = 4(-2)
) =-8 /;;?N\NSTQE}\
' We Know that, varty) = E(y) -}’ /,I(Q?,‘P
b = E(Y") -4 \ /
4, = ELy*)
E(Y)=9

Eixy®) = EQO. E(yD
E(xy") = 4 x9

= 3b

2. L x, and x, has joint pm.t PQxixy) = 2+ dheve o, x
8

1.‘.
L. HNd  covl xxy)
SolutHon -

Guven

Plxx) = 41X, %, X,= 1.2

s
o | L PO xy)
vl 3 | Shs ®lis
2 | 4/ s %8
E(Bf@ s “is 1

‘ Ptx;?) P(xf:!) f
E(x) = & X, pxy)
= PR |
OLARELS

-y,
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E(x.‘o x 2 'xip[xj)

O() * ()

T e v Y
) s
Elx, %) - (lxa/ls) e (2x944) + (2x 4/l3)+ (‘u{:[ls)
3 110/ 1 t *fie * e
- 45/|8
VLX) = Blxg) - B Bk
Yhe - (15 2Y5)
= B~ BB
324
|
24
COV (_XI/)Q) = ‘00‘6
CORRELATION*

If the c}%ﬂ% N one voviable offectS  he ohcm%e fn
Othey vayiable? the varicbles are said 1 be cpyvyelated.
'IZQES:

* POSitive and NQSO\tiVQ Covyelattion.
* Simplk , povtial coyyetation

* uneay, NON-Liheay CovvelaLtipn .

KAYl PeQrsOn co.efficient :

Covrelation.  CORTHCNt § -  COVCx,¥)

Weanx) - Y Vav(y)
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—
= BEGY) - e EY)
Ox . Oy
Wheve E(x) - . X
n
ECY) - 3y - ¥,
R
EOy) - Zxy
n
%% - e w
Ou - T =17
3 \l n=y -y
NOte:
) covrelation L0RFH CieNt odwcu(rs Rleyos betdeon -1 to + ) "1 e¥ e

i) ¥ Perfect Netaah\m COvyplaton .
Y- 1 = Perfect Positive covyeianon.
V=0 => NO cowelation (uncovvelcted).

1. caleyiate the covrelation  CORfHGNE , £0Y  the folowing
zﬁerﬂhts N Mches OF fathey (x) and gon (y).

X 65 | 66 [ 67 |b8 |69 T |72

y |6% [bs |e5 |72 | TR |eq |

X y | xy o '

65 67 43556 | 4329 A489

bb 6% |4488 | 4356 | 4ba¢

61 65 | 4355 | 4489 | 4 235

b8 | T2 |45 | 4024 | SI8 4

67 T (4968 |4 36\ | J1E4

0 69 | 4830|4950 | 43by

T2 T su1 | 51%4 504!

417 491- 33004 3253 508
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X= EX) = ©x = ai#
n 3
= b3 \4
VeoEy) - By o< 2
n =1
= 69.14
ECxY) - Exy - 33004
n 3
T A4%14.85

OV(xyy) - E(xY) —E(x)EU)
= 4114 .85 -(168 .14) (169 1)

- 8365

Ve = v =2 -
X “l/n z&z-i').

n

31539 _ 1b% .14
|| a3

= Q.a5

Uﬂ B \l ‘/nzjz‘?'l

- 33508 1
9.1
q = &a.14)

= Q.55

Covrelatipn  co.offiCient 8"- cov (xy)
O Uy

3.b5

@25 )(a.55)

Y- o0.b3b,
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4. TWOo  pimensional  yandom  veaviable  x,y have J‘omt

Tlxy) - { 1Ay 5 0<x<)

0« y< )
 0Yheywise
Find BA coefficiont Of coyvelation.
SDan]DT] ’

- Iﬂx,\pc\y
= 5' Ca-x-pdy

= (y=y-g))
T Axey,

© (amxoy

+[.1) = B/Q-.:f
DR ;

(4 -o-
giﬂttj)dx

(&‘3 4/.1)
3/& ..j
E(x)- J X (3 -A)ax

i

) Jg/ax-xldx
o
A2 o3\
GIARLSAY
- 3/4_(/3
" a-4
12
it
A = E(Y) = %

pa.-¥,
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ELX) - Jpx"fu)dx

j (3, - o) ax

0

@1 -13 . D(/‘t
- l/:L - ‘/4
= |
'y /41
L E) = Ys

vai(xd: E(x) (£00)
Vs * P

I
Yot
VCL‘([_\I) - E(Y ) ‘%(Y))
= 257 /”

) H/H-‘f
ECxY) = jj o(j(l_x_lj)didy

ey

o 2

NG Ok

0

J (3-55-97,) 4
75-Y76 -9%) ',

= /b
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angf§§;f0n1
COY(xY) = gCxy) - LX) ELD
SR _@IQQS/,Q

] '/(,‘”/lﬂ

14 4

a4
Covielation coefflcitMl Y

¥'=  Cov(xy)
Vvas(x) Nvauty)

RLY

s

\JV'H 14 4

°° A random vaviable  x,y has a goint pa.f - glxYy) =

t Yy Dexel '%Find ¥

O<y<)
O . othevwise

solutipn'
PO - Jetnpay

]

T rpdy

- YY)
T )
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ty) - iﬂx,g)di

J CaHy) dx

i Q‘?a*’“j);
= ‘/a*ﬁ
ey es
= J:Qa.i_x/gdx

0

" (_753/3 +1"/0‘0
Vat Yy

12
@imilurlj, ELY) = %),

-

E[)U-): 53(;(1“/& A5

© | @y
- QC}* ® Jc3/(:)‘9

= g t Ve
Y AT
Stmi lo'nIJ EC(y) =512
vos (x) = e(x) -[ex))?

= S ~AYuy, = ¢ 17
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ij'lm'llﬂ‘ﬂj N (y) -

1 1

E(xy) - J j st (aty) dady

[

| J@j vy’ )dxdy

II/.H‘.1

o

: 3 1 1
to(%“ %L) A

]

= J (5/3 t 31/0(:\3

REATAY

vbf ‘/6

=

/3

Cov (x,y) = E (xy) - Elx) ECQY)

= Uy - U/Il)[%l)

T s Yy

"

- ]/l4‘4

Corvelation oefpoienNt §. eov (%, y)

\var (xy \vas W)
- " s
N Wieh o N g
= N
"4 4

K\ = ”'/11
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ey

L Find  the
1-(34 o]

4. flxy) - #‘Ig(&-u-g} Y 0¢X LY

0, Othevwise

5
[/3 JQ’ 'x'deﬂ

ACERAY
< s ( 30-5% -5/, -1 +ax+°~)
g (-3x120 -23/)
T Vg (Rt ﬂfj)
Vs (-3 + 4p2as)
Ys (-~ 3x +1513)
s (-x v9/3)
A ALY
s ()
i %o (5-2x)
#9)- J Vs Gexpax
0

r' (1) =

2

'/s J[e—x-BJdoﬂ

©

Ve Cﬁx-xl/n __9(9)7_0

I/g ( l&-l-ﬁﬁ) ’

coYvelotipn betwaen x & vy .
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- l/s('o‘llj)

g (5-y)

Ve (5-9)

( &
Elx) - Vs J (ex '12-1'5)(5/41 x>
= 3 LI O DN
A I T P
_ \ ‘-r\\ LB
= e (=-8 3> \\ﬂ‘?? -“Tﬂ‘gﬁ\/
% (775

/s
2 2
ECK ): 3/8 J [Fflxl-xg)di
o

L
= 3 sx> _ x4
7 (5 4)0

) 3/3 (40/(; B Ib/‘})

T (408 w(y) )
[P

f

34(&91})

2

o

% (*Y,,)
V5P
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ECY) - 3, f(su '314) dy

L

) A ( 39/4 '31/3)5;1

3/3 (iw/{_ -.ur/% - 10/* 3 &/5)

1]

.3/3 (.'15/‘1 -.15/8 -5/, - ]/.-1)
3/5 ( 4%15+‘/l)
J (-5

4

] (5%1 i U}& )51

= 5
(““"—i‘-‘.i_?_ - .E_a_.‘? - 4‘0 + Ib
I2 4 a /+>

= (6 =
( QS/R b&S‘/‘f ._.l‘U/!a 1._“>

"

E(Gy)y =

fr

ECY) « pou

EXxY) _ ¢
JJI\‘j Vs (b'm‘a)dxclg

= p/% JL '.[SCBQLH—IB —it]l) dxdy
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1

'/stei:g _aci:l-ﬂ&:_lf)i dy

l/sj(li?j ) 'Li‘i _1_5}{>0\3

0
& (‘%1_';1;52 -%5 )19

’/5( ISy - 135K lbD)

3 3

Ve (‘50 - sy, -100/3>

" Vs (10 B3V
\ %5 ‘:
T Y (150-50) N9 TN
Ys (100)
= &571-
41

Ves () = E(xr) (ECO)

= '-H/“

= ba-aq .
64
15/¢4

vor(y) = e(y) -[E(p) *

10.6 - F2a9
&4
t0. 6-11.39

Yoy (y) = -0.14

0_0\,(,‘,\]) = E(xy) - EQOE(Y)
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= (1s) (1)

Vu = 904
= 6D -39

by

'-Lci/b 4

= ~04s

Covvelatign Coefficient ¥ . coy x.y)
-___-——____

ooy \ Vo (y)
= ~D. 45

B S

Voaaq No 137

SA: 003

5. Ot %X and Yy are distete  Rondom Novlable

with (robabil ty
funcion, $(x) - XY | x- 1,2,3 ‘;) i3
a)

DFNd  Mean Of x &Y
") Vayotx g vay Of y

M) cov ix,y)
W) RCX:Y)
S0lution :
O | 8 PLx-%i)
v &a | ¥ EY
2 Ya | Yy | #a

3 Yar | sla) AYfa I
PUW) | Yar '3/ |

s

H Mean of X = g(x) - >2iplx))

= Coxsza) + () + (omn
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Blar t Wy YT/,

=

A%/,
Mean 04 y- €(y] - EIJJ P(‘/.j)

- (uOt/:n)«r (ax3n) (

q/a' ' H/av
T
' “‘j-;f';;~
“) E(xl) = Z:xilp(:x[) ,/';J:?:,-%, I':r.-\
¥ + [Ax q/ ) l;jl‘. % )f
- l + A * ) < l\ R B ,‘
(x 5/11) ( /a1 s

Y 1 Wyt Bl

-

- W

EQY) = ZqptpCy;)
- (lx"i/u)*r (4,(11/1‘) o

q/ll v {S/ZH

Y

Vasx) = E(x) - [EGO]™

© M - me
Al 44 1

441

= ta3s

4

Varlx) - 0.3

Yar(y) = eqyy -Leyp]®
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= = Y
5/ —j“j,

= N9 -1089
_-_-_'—-——__
44

N roa/ﬂ,

= 0.31
EQxy) = 5 Exﬂ P“‘")Ei))
(IKI ") (0 1&3/-”) *r(-'l’k\x 3/&1) *(l“x 4/.1\)
f(%xl)ug/lb + (3)(.11 5/1\)

Y Tb, +b | A
2T Sy Yy Ty, T Y, T,

F2
/a1

VY = EGy) “EG) E(Y)
" 1;1/ai-(45/1,)( 33/,11>

* -0.013
V) ¥y - coveoy)
N'vavx) Vivay y)

-

= - 0.013

—_—

No.o4 Vo q4

Y- -003

RANK CORRELATION -

Ye 1- 6sdt wheve  di =24 -y
nCn=1) N= no. Oftevms
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I

L. Colculte Ronk  covvelation 0¥ 3wen Dot -
X L0 | v e (13 [ |as |14 |22
30 |42 5 lae |33 |3 35 (a9 o=t
7 4 45 |4 4 |A® ‘.(.f;&s;};-:\\
"“;‘:'.1"'..;.’ g \:J')ﬂ\.
Solutipns “( %& .,cﬁ
. “‘:.‘7\"'%.;'
X y Rank Of | Rank OF |4, - x- d;* \Fi’:‘
% Yy
10 30 9 9 o 0
1] 42 - 3 2 4
12 45 % 2 6 36
13 456 3 ! a 4
13 313 1 8 -1 |
lb 34 4 T -3 q
Q24 40 1 4_ -3 q
14 35 b o) D
A | 3qg 4 5 -3 q
N‘Zdr"‘: T2 'f
Rank Covseigtiont ; - 63d;t
i
n(n*1)
~b(F1)
5, o B
a(s1 -1)
43L
=\-7
3320
:__ | = 431
Fa0
= |06
-~ 0.4
Rank (ovvelation =0-4
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Q. I a baautﬂ Contest , yanted by 3 Judaes fn the -foliowing
ovdex.

P S—

Particpants | | o | 3 4 5|6 [T [8 [a |ID
Tudge A |y [ 6|5 w3 fa (4|9 |F]8
Tudge B8 |3 |5 [8 |4 |7 |w0fja|) |6 [
| Tudge  © 14 als |1 ]a |3 ]|w]s [*

Uz:.mj Rank Covwelation Cortficient . Detevmine  «hich @aiv  Of
Judﬁaes, have  common taste in beau’tt)"‘

X Y |Z =il._y -=‘§,'E-z. ‘d;._L d,* | d | 45>

| 3 6 -2 -3 -5 4 9 25

) 5 4 | | 'l I ] 4

5 g q -3 -1 -4 q ) lb

L0 4 8 6 -4 T [36 | 4

3 o || -4 6 |2 |6 [3b |4

2 1o 2| _g 3 O |4 (64 (O

4 R 3 -4 -1 | 4 I )

q | to | % -9 ljes | B )

T b ) | [ 2 ' } 4

e |9 |7 |- & HERERE
o, "= 200\% dy = ¥y - 0

Rank COvvelatipn between x and ¥ 'S

6"l (tx: 3) = | = 6EdIL
nnx 1)

= (- ( 6 x Q00
\—.—_.___‘__
10( 10D -1)
- 1200
aq o

=210/ 449

I

I
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= =0l
Ronk  Coyvelation betweon y ¢nd 715

L (y,2) = v~ p=dy*
R(n*-1)

= 1o p(als)
10 (100 -1)
- -0.29
RanNK coyyelation between xand z 1S

¥, (x,z) = | - @37:
nLn‘-D

= 1= g(60)
Qq

SINCe  Cowelation efficent o4 ‘eand'A & maximum

meJ Aave common  toste Of beauty -

3. Calulate the RaNk coeffpitient of Covvelation oy the dato

X |¢s 64|15 [50 |e6s| &0 |15 | a0 |55 |64

y Lo |98 68 | a5 (8t [60 | &8 | 48 | 50 | 1D -
Solution:

ko g .

x y RC:"\OF Q(\;\ f dl-"’)“ d1l
e |

6% | 62 4 5 }
b4 | 5% 6 1 -t !
15 | b8 | a.5 3.5 - '
50 | 45 9 ) -y |
64 [#! b J ) a5
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%5 | bg | a5 35 |- I
40 (48 | 10 q A
55 | 50 | ¥ g ° |p
ts | 10 b a # |16
70
Repeated RONKS:

In x t2ym 75 repeated atimes ,

Covvelation factoy = m(M=)
12

= a(s)
(2

/2
0.5

"

n

In x toym @ b4 Yepeaited © timesy

cowvelation factoy = 3(a-»
| 2

= iy

= 2
In ygoym - e vepeared 2 times,

coveicdion fACY - gp4-0)
12

%

= 0.5
Rank covvelanion = ‘- b(=d*cf)
NGED)

= 1- 5 (ufoﬂuo.s) = fm s@%% = 64%%
10(49)

RonK Covvelation - 0.54%
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A Two mdepenclent Random vavicble x ondy clefined by -
(1) -

=%+ %
Jax  0g x el HY) . paby ; 0£Ye! show that u=**
0; atheywi5e { o - 0theyuise
N E "‘j avg uncoyyelated.
40\lution- AN
//-m>\\
g o
I"‘ b
S'nf@. ‘H_I) s Pc\f {,:,I:' 7 jfﬁ
s W \\":\__.-/’)
J F0dot - SECR
i J40.1 dox =1
0
= Qc‘qxl/l) lo |
- 40y, = |
= BElY

M) = ;vax . 02X L))

<§|m|‘lafij -F—[}))-.- {13 ’OEJ !-.-\}

TO PYOVe yend N av¥e  uncovveleted

@€2) g(uv) = E(W-E(V)
B9~ Etx+v] = ECO +E(Y)
E(V) = E(x-y) = EOO- EQY)
EWV) = [ (] [etx) - EQp)]
S ExyY)

ECO* - ECY)
F) - jac.a:xdx - jax’“dac

)

” QXZ.); - 9/3
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E(W) = j;ﬁ_ axdx = Ja:@di

° 0
BSAL
=y
S jg.atJ dy '—52&1‘?‘3

")

§/3
E(yY) - j‘jliﬂdj _ i 1\33,,\3
QAR

/2
E(v) _ {-‘(x)+E(‘i)

'

]

KE
E(Y) = E(O -E(Y)= 0
E(UV) = Ya- Uy

=0

ECoY) = EQO) -EW)
= vond ¥ oW fndﬂ_?mdlﬂt

Cov (L\,\’): 0
g0
nand Y ave uncovitlated,

ReGRESSION

Re:37\655‘0n is the measuye Of the ONQYCLg relcdionShiP

betweon twWO O¥ move vaviables, M teyms  OF oﬂamﬂl

units p4 dato .

Regvession line and YIS (x-X) ~ ¥FOx (y-Y)
Oy
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Rejf(’bsmﬂ ineg vy on x |5

v-y) - 0y (x-x)
D

% >
J
cO £ffICIRNLS . s

T,

A NS TR

['mtﬂ = Eilx i)(tj-lj) f'r:",:/

—

= (g \"rea e

byx - xex-30 (i)

Z (x-X)*
Notes
K‘z: bD(_jbex
Y- * \Jb:l_:j bj—:

If B is the acute ar%hz betwean & reare&sion Ring ,
tang - (;_.E")(U,LUH
Y 0‘11_ fUﬂl

i eqQuUOIONsS
1. Hiom the [:Ql\owlr\j data 9 Hnd the two TQ?QSS\DDJ Q _

W) the copgpicient of covrelation N the movks N economics ond
atatistice  ni) the most fikely maks i statistics when masks

fh economics ave 30.

MQxks '
ECONONM €S

MOYKS M
statistics

ab 2% 35 |3a 31 3b aq a5 34 | 32

43 |46 49 | 4l 36 32| 3) |30 |33 39

.SOILl'tf on:

Glivens
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X |y 2 [y leda P e P g9
25 | 43 -3 ) -35 49 AR
28 |46 | -4 8 -48 - &4
35 |49 3 I 33 4 a1
32 |4 o 3 0 o 4
31 (36 | - -3 L ! +
36 (32| 4 -6 -4 6 3¢
a9 |3 | -5 | - a a 49
38 |30 6 -8 -4 8 3b €4
34 |33 | 2 "5 -1D 4 25
3a |39 o ' 0 o [
ﬁx:;{o :;’_y.a{/&o Qc; 0 Y Y P

- qa 149

] PR SIRw T ﬁ@.&‘)‘.—: i{j,gvjq_:

X = Zo¢ = 39
n

i S - =38
Y y = 380
n 10

bxj = ZOCR)(y-§) = 43
39¢

zL\j-g)”
= -D.23
b'jx = Hx-X) (y-9)
-‘_-_‘——-—._

Z (x-3)*

-——
———

—0.66

i) Cowelation Coeffrciont petweon Ceconomice ¢ Stoistice)

L (-0-23) Q.—n.ss) = 0153
Y= +£0238
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i) Re%a&smn line x on vy:

(x-X) = Li:j(“f‘?)
(x-32) = -0.23(y-3%) o
X = -p.a3Y +3-F4 H3X A

X = -0.23Yy +40.%4

RQC}Y?SS':O“ hine y on x:

Cy-y) - bﬂ)c (x-%)

(vy-38) = -0.p¢ (x-32)
7= —o.pgat &)l #2338
Y= -0.bex+5a)2
HD The most ,hmlJ MAKS N Statictics (y) When  maiks N

economics (x) (S 30.

i) wWhen x =30
¥ = ~0:6 +5912

-10. 8 +59-12

(4]

= 39.33

3&-'05\'55=D " 401-\85—1”:0 i

2. The two Aines of Reamssmns ove
xaondyV. ﬂ)

The varviance OF x 1S5 6 i) ANd  ™Mean values Of
eovrelation foefficient between x end v.

Zo\ton:

+h yOuw the ™MeAn

‘ o in
Sine bt mjmssnon Jings Ove pass j N 6Nqn 00

Nalue X and y. The poifit  x,y ™MUSL sotisty
Yeﬂvessmn Aine

Si*logﬂ,b:o O x*%

40i-tsg~4l4 0 (@

solve © 5@
40 X -s0y= - 330
ADX =18 = alt
=34y = - 544
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R
O mn -1t = 8X -130 =-b6
8% = 170 -66
X5 104/
x % 13

i) Mean Of x = E(x) =13
Mean of y = EQG ) = 1%

© > sx —l0j+bb--0
L ©y-bb

Vs (wt‘-b@

® > 40 ~13J-aq:0

b L

'ju Vs (40x-214)

':] toR{ficuent « bits :\0/8
beJ =1.25

% cOLficient < ij= 40/,
bj'x: 9.22
Y- i\@,}c
= 2 Oas)pa)
= t1bb 15 TNOL possibIe
Fom @ 8210y Aog= O
Vio (82 +60) =y

cogfficient of = S/ID

bjx = O%

Y- i\'CO-B)(o.w)
Y=1 \oag

Y= 0.6

Evom ), 40X - \23414 =

7 a0 [‘S‘j*a”’):x
co pficient OF Y=18/4p

bbij = 0.4%
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ondiil 1©
> qu the most ]iKE‘\lj G)HCQ N Crta A, COssesp 3
th‘ Q win table .
Re . F a fol\o \ ﬂ
2 (P Ot 5. 30 t Cltﬂ B) fyom the

city B cnig A

Avexacyt pice €5 67
Standard a.5 3.5
devicton
efowution . L

Covvelation coefficient 15 08 = ¥

et x qenotes  the Price ©f ity A,
Lty denotes 4he Price  of cltj B,

Caien:
X =63 ,Y <65
Ox - 25 Ud =a.5

Y'-0.8

Rgg'ressmn le_ng X on Y-

o
(x-6%) ~ v x 35 (4-65)
3%
0.8 xu\(ﬂ-bs)
(&-61) . ll1j~423
X ! '&j -33.6 *67
x = | 1a3-5 %
When v - +0

X = Llax3p- 58

*x-= 19-40"5-8

ol = 12.6
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IRANSFORMATION  0F  Rampom VARIA

BLE

TRANS FORMATION OF ONE DIMENSIONAL

RANDOM VARIABLE:

Y = 50 (—‘:%}

'TRGNSFORMA‘HON QF TWo DIMENSIONAL

RANDOM  NARIABLE *.

flav) = flxy) (7}

o Ox
Wheve |7]- @(x,L)kz 3;5 ov
Jn Sy 9y
A
al.( Y]
2MOvKS *
L x has gp exponentiaj  Aistribution , with Poasametes v $ind

the pd.b of y-Vx -

Solution:

The pd. f of oxponen tia| disty) buton,

H1) = pg M , L>0

Where  x.), $lx)= g ¥

Given y- X 2. pat o4 3 s
J= W 1)+ o) 4z
x=y? :
) Y "Ht)) =0, ay
]T‘ =3y fly) - A,a;*imnyo

2. % has an exponential
Fnd  pdg 0+y-\03x.

ALY bUEioN

50!uti0ﬂ'-
The pd.f Of exponenticl distvivation |
Fx) = pe X

Fx) = AT, XX A

. x>0

A

toith (evameey X' .
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=Engg-ltree

x-e? 1ty )- 00 ’-‘“"L PASEITS
J ‘dj 112{ / 15 \J‘g\‘.
dx Y ‘5 5% )8
=Q T YA
‘dj l Vet \355?5»‘_"’
DY
Y - pe I 4> 0

N\j)—- Az(j"\%.yo

3 JF X )8 uni-wnml\j distributed 0 (-Va, 1‘T/q)~ Fnd pul f

01 y-tanx .
Solution -

The pd-f of Onijosm  distribution is

- Yb-a
= !
A/g_‘- T[/-ﬂ-»
= ,/v
Gtiven
Yy = tan x ’ T pd+ ij 5
x:tan“‘l_f ) doe
fty) = )
d= , } 3 123‘\
[4__ - l+|jl
l < l . 1 2 = ‘l
/T[ /lHj /"-T(_‘Hjl)
Ly . l

(-w < <o
‘I'\Cl+tj")/ J )

A, If x5S unfoly  distibuted inco,1). find the  Pdf of

Y= 8NTx
L

8oLuion
The p.d.f of ORHOM Distribution (S,
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1) - l/ a e pd.F ©Of gj*s,
gy - flo |2
l/m J ‘*_‘j
= 'I./:L = 1/1( Q
611\:_?" ﬂ\jT_'lJ,.)
Y - sin _‘Eg) = _ V- ey 2!
( . .) T \ST-_g:L j
sm“'j 5 o
L
2 T
n Qf)lnj = X
ax|. 2
{dJ : SVTETES

I The JOINt pd.-f Of & dimensipnal Random  vayviabie 15 3wer)

bj 'f(l,t)\; {415“&-[1"}31) . 120'3)__ o

Fnd the mnﬂt\j FUnCtion
0 ) OthexwisSe

ot u- \la‘ﬂj‘- 4
Sotution

u = \!fx‘ﬂj" . N=Yy

q = R
§oon

r P

L] Mo Ve
o

n

<

Ol - 15y
S(u,\) Y
Sy
2T
. au ~ay g
= u
2 Juxy2 2\uzye =}J_)
o I A Nuky 2
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lJ'l = u

Vutyz

The Jomnt p d.f Jluv)- f(m,j)IJW
.F(\A,V} 4% U & Lot jl) U

Vuwy =

4(\1)}41) Va-tu") U

P - u>0

]
40U {u

U2 v
w>0,02eveq
Te pdf of u ts
+[u) - jf[t\,v)dv

— oe

- A -\t
f 4uve dv
0

- _u2
4aug ("71 )“
p
q;( -ur
ve W
/¢

Tl s 503 , w»0

3. 1ot x, y be 40 dimensiongAl  Random Navioble . wohose  ToOINE
Pdfrs cjw:znby.

Flx,Y)- Q‘u"‘-’),'ac>o.j>0

Find  pd4 0f U:z%g
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Soluton:

ot u-aty - 2= Y
ad

ox doc

- l-ﬂﬂzt_a\ ETRE
(v,

- ch (u.v)

s 3 =20
au
oV
A = -y

The pd.f. Rﬂaﬂ spate -
tluy - Hxg)r7) bl ki
B 2U-\/>0 , V>0
£, y
aus
s R ty)
usy
"PL”,V) = “—M fu?-o ‘ /;L
S.on20, pev4y
The pd. fof u'js

flw) ‘—'J-f[u,\l)d\f

_ ay "y
j:uz av
0

y

-y La
e [v]p

fu)= 4 ugtY

-aM
FU) = zue , Wro

3 1ot x and y ave Mdependent .  &iven, 0 - 0¥, x50, lyd=y>0
ghow that - 1/11”5 : M= 9(1—3 ove ndependent -
olutton :

sin@@ x &y ave ndepenclent .
F2y) = jr0-fLY)
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Hxy) - ¢* gd
Lt
LS “),-x:»o,gm
611_\:__[1-
Us o V=oaAty
3{19 3 « y-X
A= ulaty) 4= vy
x=y Y < vo-w)
o s Ay x ax/au a°r/av
2(u,v) 5
lj/du aﬂ/av
v v “
—V RV

= V(0w +uv
s vyéw/u’
13] = v |
The pg.f feu,v) - flxy) 19)
= oA tY)

WY -y gY)

Ra_n%a Zpoce .

X >0, ‘j>D

U0, YO-uw)>o

U30,v>0 .

1-u>0.
I>U ., by«

The pd.t of x |G.
flu)"J-{-Lu,V)dv

J VQ‘Vclv

L]
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- -y “ po
- \‘ ___y
N )

= 0-(-1)
Flu) =
The pd £ O0f Vis.

Fiv) - J«b,‘{(u,v) dd

\
) SVehvdu = NE

o

0 = ye
f). flv)=1.Ne ™

<. yand N ave independent.-

Vv

= ﬁ-U\,\f)

4. If the joint pd-F of 2 dimengional gandom . $Lx.Y) = x+Y
.643(’341‘ Find p_d.‘[' of U-xy.

Solurtron -
- x )
u=xy v=y LE (x »3)\_. %u— 7oy
X=uU R (u,v) o
/_5 1 %{— B/c3v
A = Ll/
v
¥ ‘v Mz <1y =17
The pd.f of U, a |

Plu,v) - +[3L_,3) 17|
= Goy) (')
= (u/v F\ ) [‘r‘v>

LWivt M
N = "”T,*\
v

Rana_ﬂ space .
0 axx<«)  0O=<Yy<«l

O ‘”/v" y 0 <Lley
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ThQ P d - { 0"‘ 0)
flu) = J *(mv)dv

!

i\
r J‘l("/qz*\) dv :KEUV1+D AV = @N
= ws
= é{/\*") —_E‘ F u]

= &- vyt v)u
= -4y +1 -4
= 9.y
+l)= i-U)

\

'\‘V)u

-

=
L5 —
a \\NGTU,\\

2B
{l s f 4.,, el
- I 9' "
=

e ® /.
N\ '\\_'/Q“‘?
Jo0e®

5.IF x and Y ®Y¢ independent, exponunﬁc\\w

With  pavame tey "1’ fFincl  the

Solutipn -

thay) go04 (9D

F0) = AeX

= o X

H‘j) < e
- g0

'fb(,j) - @ (x*Lj)
u= o=y + §=¥
LT o=ywl @ N=Y

5 = Li+Y

alx,y) |-
a(u,v)

ox
/ oV

a"/av

ajt/au

ay/ ou

|7\ =

distribute d

pd. £ of U= x-y .
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IJI Al |
ey . fl,y)17)

- [t
e Du)

Cu+v1-\/)(l)
Flun) e o ttHlV)

l?clngl Spaw”

o , y»0

UHV>0 3 Va0

N> -y "
: o b ottt
The p.df 0f U, il —(uraN)
' o0 tz,v\ £ )= r& v
flu) = j ejd” qVv .
Vs
bt “ " e _m;’\
-9V > /
- g J Vv
o | (‘ 2
e

1!
NI
-
\‘—’\F
y | &
el £
st

._m ef‘""\(
[ — 2 ~UAL
-3
=\ '3 U
o R U
U\ o Q.
{o—t -"'.;
=\

1!

_ e
— —
¥ 3
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CENTRAL LIMIT THEDREMS

If %X, %,.--%n b2 @ ge@uen@ op independent  ond

identicalty distvibuted  yandom  variables With  e(Xi) = R and

vay [xiJ= Ull i= L3, 3, .. N 1 Sn = X, +)(l t .. Xn Hnen undey cevtain

qneral condittons  Sp follows o Noymal  distvibution with  mean ny

ond vaviance np* as N — oo

TYPE -1

3f the Avexage  0f  rendom  vastable  follows  Normal  distyibution
M R~ N (H ).

Bj central Mt 4heovem, Z = X-p

——

vjim
Problems ¢
1.The |HeHMR o o cevtain brond of on  elctyic bub may be
constdeed a5 @ yandom  \variable wWth  moan a0 hy ond
&tondard deviction 450 hr. Find the  pvobubi lity u.ssnj cermval  limit
theorem that the AVQYoﬂﬂ JHeHMR  of 60 buibs exceeds j2sphr.
SPlution:
enven:
Mean = 1200 hy, H
standard gewiation 0 = 250N

NO. 0f Samples, n=60
x ~N (H.U/{ﬁ)

Usmj centval limit  theovem,

Z = -i" u
O/

z X - V200
250 /fho
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Z . ¥-1200
32 115

P(xram) = Plz> 12501200 )
32.2%5

Riaak ™

= P(z>1.549)
= 065 -P (o<z 21.55)
2=0 =z=155

- 5 - FYom tabie
0.5 -0-43a4 ( ) R

= 0.0606.

£0M a  population

2 A Rondom sample of Slze 100 +aken
it

Whase mean 5 60 and ~variante 15 400 using central
TheoRm. With dhat probability can we asseyk that +he Mean of

sample  wIN not  Aiffey FOM M= 60 b\j noye  +han 4 -

Soiution:
&iven

Mean, L= 6o
variance , 0. 400
Stondard deviaton , =20
N=100

X VN (H; U/rn\

B_ﬂ US\B centyal Wit theoyem,
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'P(lFt-bﬁlf 4) - pl-4 ¢ x-b0 £4)

P(-41bb< X < 604 4)

~ P56 £ % « 64)

= ’P(S’b;h() Lz 4 b_‘}_‘_\fE)

"

Praszea)

n

ap( 0L z21)

3(0.4332) 7:-3 Z:b z:1]

= 0.954¢

TYPE -2

If +he sum o4 vandom vanables folows the Normal
distyibution +hen &n Fohows N(_n‘l-\,UJ_n)_

Bj entval \imt theorem

Z = Sn —n“l
0vn

Problems

Lo 3 R %y e Xy ove poisson varnance  with (Pcuamﬁu‘\

A=2. use central Limit theovem =0 estimate (@vobobility  Of
(1a0s Sp 2 lbO) Wheve 8n= X+ %X, ¥ ---Xp £ f§: 35,

Solution:

Given :

e LT

In  potsson Distyibution,

Mean, A-azM

4

varfune ,v4= 1

gtondord  deviation r=Ya
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Sn ~ N(np,o0m)
?j central Limit  thepvem,

Z

]

Sp - NK
oymn

Sp-~ 90
Viso

Ll

T Find pLaos Sy £ 160),

P 1p-1sb  , 5 , [0 -I5D
Vis0 viso
= P(30 . L lo
viso c /@0
} ? (24502 7 ¢ U'EQ) Zz--145 z=0 2=082
= pPlaase ztD )+ P (0L z< 0-81)
= plocze 9.45) + P (0& 24 0'“)
- 0.4929 4 02433 ( From ToblR)
= 0.#8b8 .
2. E X, X.... Xico be independent , jdentically distributed Roandom
£2a\p)

Yariable (IID) with mean, H=2 and T= Y, - Bnd (193 £ A% g

sotion :
Gilven, n=100
Meon, (=2

L
vayionee , 0= I/‘

Standavd deviotion (o) - \ﬁ/4

& ‘/'2.-

41 Sn o~ N(nM.0W)
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By conbml himit +heovem,

7 - §,-100

5

qa-200 , 5 2 210-200

5 5

= “P ('81'59 2L '.D/-,')

P(1a2< S« aw) = p(!

= P(“‘-V" Zé"l)

= P (,l,[’é'zz_o) '1P(01;2£Q)

& PKQ&ZQ\&,)-\-P(_OEI.‘. -l)

= 044952 +oxr++ X (rrom “tC\le)

= 0924

Ty -3

I o discrete vandom vaviable fonows novmal distvibution.
then X follows N (p,0).

fﬁ centxal  himit theoyem,

Z = xX-}
o

Problem :

1. A @n 15 ossed 1 times What S 4he  Probability ©of gLEHNg

3 or 40v 5 heads usnzﬂ cantyal Nmit -+theorem.
Soluton

N Binomicl  Disi bution,

Meun = NP

Heve P=l/1 , ﬂ/"li

Probability 0f getfing head.
N= \0
Mean = Q/2)10
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Meun, n=5
, *" P4
varfance (0 <(1)(Ya)
~ kl/ o
= 5/1
= 8.%

stanclavd  deviaton U = V2.5 = ).5b

O  appoximate  the Aiscrete (pmbub'\\'&y
@wobabihty distitbution, add

0.5 fvom the Jowey bound -

05 1o the uppey

PBBvs X £ 5+0:5) = P (A

ate, z- -}
Novmal vadd =

5-5-5
.56

_ p(oeze -158) 4P (0f 2£031)

= P(-1v8 2 z £0.32)

Aistyi butiOn +0  CONFINUOUS

bound and substvact

Z--).58 J, Z-0.%2

Z-p
- 04429 +0.255 (Fom tabie).
= 0.5b%4
1. Three balls are dyawn at yandom without TQPIC[ceanL_

fom a box contc\lninj 2 white , 3 rod and 4 black balls . T+ X

denoes the no. of WhHe balls  dsawn  and Yy dendte +the
Numbey of Yed balls dvawn. find 4he Jo\nt probability
distibution 0+, v)

SOlution:

Gtiven:
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et X denpte  NO. 0f White bahg  drawn

loF Yy dencte  No. Of ved bahd dvawh

TOtO) = 243 +4

= Aballs,
X o [ 2 5
NoOR W
o [F 1 £ ? £ t 1 1 Y K
BB (40 fae)6e) A e )b )ac) Y ae) (e
‘1C3 ch aC, QCB
= Va = B[, TP = Vsy
v e B9y (+¢) @ﬁ@_@f@_@ @c.)ég)&cb 6 o
ac acs ac, W
3 - 4
= |/+ /-? =1 1q 0(\\‘*
2. [hedecdfte) |o Qhco)
AL, 3
= iy, = Yas
H %%, - -Xp 15 a sBuen@ of n independent and idemtreally

distvibied (i,1,d ) vandom variables, each hav\rﬁ mean | ang Veviance

Ul,and 1 X x,t X +-.. +Xn then the Vaviable Z= X-F1  has &

’

. o/ : _
distyibution  +hat nappmachas the gtondard hovimal L distyib utiOn
as N —>e, piovided the mM.g-f exits.

Pproof:
MGF of z about the owgin iS M (+) - £[e"]

~ e[ GR)]
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—}li'(ﬂ tfl‘l [ {4 !2'} oot
g ==k [ — n

v
tX
-t Xy 2 tx¢p
& L E[Q TR I . a‘"wn]

[sthe X, ,%,, -+ -Xp @@ [ndependent J

ELR x5...%) « [fu,)sbfd . E(xn) ]
EXn

Hente M,te) o -t (Q’;_z) E (Qt;%) 8 Lurfn)

The vaviobles  x, .. .xp have the same M. .F
M, () Q_-E:_;_fn [Mx Lﬁ*ﬁ“n
Wheve Mx( t/tﬁfn) 16 +ha mﬂ_{ of X= Xj,i=42.3,.
'Tq'('ﬂj l03 on both sides.
}03 M, Q) - IOJ (ehtv&m ) *nh’j (M (gfnﬂ
= -tpm +nlog[ r{n\]

v ox
-y niog [ £( (i) ey (o) iy
-tpo4 n\oa {H (t/mrn) "‘1‘ o 71‘. L{/Wnyp"* )]

=
__t___yt } "lz(""g%, v ) t )

- -_E_" tﬂ[(—L P __—\‘-(,Hrn

N

pPut |~1'= H=meaf
£ty Y ;
103 M) = - pivn 4 ﬁ‘:: + /m(‘t [P.ﬂ + Rym contaimng N
° N the denominatoy
log M/ &) - tymlul + £o¥MS c_onmmfnj n. .
t
\og Mz () = tY, ¢, M, &) = e?‘ as N— oo
The MeF of z 1S T mg4 of N(g1)ie, a5 N>w the dishibuitor

0f z tends +o e Standoud  Noimal feviation.
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UNIT - 1l

ESTIMATION THEORY

INTRODUCTION

The problems of statistical inference are divided into problems of
estimation and tests of hypotheses. The main difference between these two
ypes is that in problems of estimation we have to determine the value of
a parameter or the values of several parameters, from alternatives, whereas
in the tests of hypotheses we have to decide whether to accept or reject
a specific value or a set of specific values of a parameter. In an estimation
problem there is atleast one parameter 8 whose value is to be approximated
on the basis of a sample. The approximation is performed by using an
appropriate statistic. There are two types of estimation procedures.

(i) Point estimation and

(11)) Interval estimation.

@ POINT ESTIMATION

Definition: Point Estimator

A statistic used to approximate or estimate a population parameter
A
8 is called a point estimator for 6 and is denoted by 6.
Definition: Point Estimate
The numerical value assumed by the statistic when evaluated for a
given sample is called a point estimate for 6.
Example:

If we use a value of X to estimate the mean of a population, an
observed sample proportion to estimate the parameter 8 of a binomial

population or a value of S° to estimate a population variance using a point
estimate of the parameter.

Downloaded from EnggTree.com



e e . . i
EnggTree.com

3.2 e
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These estimates are called point estimates because in each case ,

si ; ; - :
ngle number or a single point on the real axis, is used to estimate the
Parameter.,

Note that there is a difference between the terms estimator and
ftsumate. The estimator is the statistic used to generate the estimate ang
It 1s a random variable whereas an estimate is a number.

Since estimators are random variables, the problem of point estimatig,
is to study their sampling distributions. For example, when we estima,
the variance of a population on the basis of a random sample, we expeq
that the values of §° equal to 0'2 but to know whether we can expect j
to be close. Also we have to decide, whether to use a sample mean or
sample median to estimate the mean of a population, whether X or X
more likely to yield a value that is actually close.

Various statistical properties of estimators used 10 decifie Which
estimator is most appropriate in a given situation are unbiasedness,
minimum variance, efficiency, consistency, sufficiency and robustness.

Definition: Unbiased estimator

A ~ . 1
A statistic or point estimator 8 is said to be an unbiased estimator

or its value be an unbiased estimate, if and only if the mean of the
sampling distribution of the estimator is equal to ©.

Ge) E[6]=86.

Definition: Biased estimator

If the estimator is not unbiased, then E [6] @ is called the biased
estimator of the estimate 8. That means if the estimator is unbiased then
E[8]-0=0.

Hence, a statistic is unbiased, if the expected value (£
should be equal to the parameter which is supposed to estimate.

Average value)

E—

@ MORE EFFICIENT UNBIASED ESTIMATOR

Definition : .
A statistic ﬁ, is said to be a more efficient unbiased estimate of the

A .
parameter 6 than the statistic 8, if
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Erinm!ian Theory 23

(i) 61 and ﬁz are both unbiased estimates of 9.

(1) The variance of the sampling distribution of the first estimator 31 is
less than that of the second estimator @9_.

—
—

MAXIMUM ERROR OF ESTIMATE

We know that for random samples from normal population, the mean
is more efficient than the median as an estimate of 1, when we estimate

a population mean W, the variance of sampling distribution of no other
statistic is less than that of the sampling distribution of the mean. When
we use a sample mean to estimate the mean of a population, together with
method of estimation which has some properties, that the estimate equals
. . Hence to accompany such a point estimate of p with statements as how
close we expect the estimate to be. Then the error x—p is the difference
between the estimate and the quantity to estimate. To examine this error,

for large n, is a value of a random variable having the standard
n
pormal distribution.
P —Zwsx;”szm =1-a
n
P E;HIEZM-‘=1—(I
(or) Pl k-p<Z,,- % l=1-a
Nn

Here Z,, is the normal curve area to its right equals o/2. It is noted

that fc—p| is the error in estimating p by the unbiased estimator of the
smple mean x. Let E denote the maximum value of [ — i, the

Y
E=Z., - oy (Large samples, ¢ known)
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3.4 Probability and Statig,
__.____-‘1

with probability 1 — o That mean, if we want to estimate y with g,
mean of a large sample (n230) we can assert with probability | - o the

- . G
the error [I—p_| will be atmost ZMT The common values for 1<y
n

are 0.95 (5% level) and 0.99 (1% level) and the corresponding value x
Zar2 are Zy,025=1.96 and Zo0os = 2.575 respectively.

The formula for finding the value of E can also be applied to determip,
the sample size 1o get the desired degree of accuracy. Suppose we use g,
mean of a large random sample to estimate the mean of a population and y,

assert with the probability (1 —cr) that the error would be the quantity p
Then the sample size can be computed by using the formula

2
ZD‘..Q-U

To apply this formula, we must know the values of 1 —¢o, E and g

For small samples when o is unknown then let us considg

5

n

Hence the maximum error of estimate for small sample when 0 is
unknown, is given by

X
I =[——Pj with (n— 1) degrees of freedom.

E=t,, -—jn= (small samples, ¢ unknown)

| Example: ;I

If X has the binomial distribution with parameters n and 6, shov

I_WORI(ED EXAMPLES |

that the sample proportion, ;!X- is an unbiased estimator of 6.

#y  Solution:

We know that the probability mass function of Binomial distribution &

Pa=Xj=nC.p % " £=20, 1,2 w.
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mation Theo
: Estim ry 3.5

The mean of the binomial distribution ijs E[X]=np where n and p
are parameters.

. Since E[X]=n® (p is replaced by 9),

| X1_lpmold

Hence ;1- is an unbiased estimator of 6.

|Example: 1 2 I

If Xy, X2, X3 ... X,, constitute a random sample from the population
given by

. B T

e forx>3

0 otherwise
Show that X is a biased estimator of 8.

f(x)={

# Solution:

The mean of the population is given by

X=EX]=p= [ x.e® g
&

By using Bernoulli’s formula for integration we get

Iuvdx= uvy = vy +u"va—u" vy + ...

- (x-39) = (x~98)
_ € _ e
Em-{x{ ~ }(1){ 1 H:

=[—xe“-“5’—e“{*‘5’]:

=[{0-0}-{-80-¢0}
=[1+8§]
It follows that E[X]=X=1+8#8.

Hence X is a biased estimator of 8.

B e —
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3.6

[Exampie:] 3 |

A random variable has the binomial distribution and get x succey

Probability and Statisti,

in n trials, show that 'H—; is not an unbiased estimate of the binomiy
n+

parameter p,

#3 Solution:

We know that the mean of the binomial distribution j
E[X]=X =np where nandp are parameters.

EX+1]=E[X]I+E[l]=np+1

E[X“]= L Eix+11=— (p+ 1)

n+2 n+2 n+

np+ 1
n+2

#p

Hence

+ 1 _ .
5 is not an unbiased estimate of p.

:;.mple: _ﬂ

Let yy,y,Y3 ...y, be random variables with mean m. The quantit

—

_#

=

n
=% Z y; is the sample mean. Verify that whether i 1s unbiased
el

or nol,

&  Solution;
Let us consider

E[yl=E 2 Z Yi =;II‘ Z E [y;]

n

. y is an unbiased estimator of m.

—_-__—_—._——_——-_—_

Downloaded from EnggTree.com




-—

~

F i
EnggTree.com

: Vi
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Let ¥1yY2Y3 ---Yn be scalar random variables independent and

! e atically distributed with mean m and variance o Verify the given

1 ; .
q”a,,my 3? = z (_}’;-—_?)2 is unbiased or not for the variance o

i=1

b Solution:
We know that from the above Example 4.

n n
ik 1
= > ;E ny— Yy Y,
i=1 j=1
1 n 1 n .
K f?‘l 20| " 0im - 2 =m
= I j=1

Now let us consider

E\ {n(y;—m)- 2 (yj—m)
i=1

=E nz(y,-—m)z-l- 2 (yj—m)z—Zn(y‘-—m} 2 (yj—m)
i j=1 j=1
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:.—nz E [(-Vf o m)zl +E Z (-}.'! _ n;)

j=1
n

-2nE| (y;—m) z 0 —m)

F=1

=”202+n62—2n02
="20'2—F10'2
=n(n-1)g*
"
E[ef.]=l "Ei'u(;'z—l)(:‘l'2
n n
i=1
n
=~atn-1)| ¥ o
n :
T
1 2
=—3n(n.—1)(n0)
n
_(?1—1)02
T n
% 0"
Hence 3’2 is not an unbiased estimate for the variance 0'2.

Y

—H"‘ﬁ-‘,
! Example: ( 6 '

Let y1,92, 53 ...
random variables, with mean m and variance o, The quantiyy

Yp be independent and identically distributed scq),

e (n - 1) z o — -9? is called sample variance. Verify for
unbmsedness.
4  Solution:
It is given that n
2 1 2 _ A
§ = Yy == n-—l S,
1

(n—=1) =
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h Eutima

2, n N2y 1
E[S ]-—Elcy]-*L»E(n-ljoJ-_-.ol.

n-1 n-|
y §2 is an unbiased estimator of the variance 2.

= ——

Let X1 X2:%X3 -+ Xp be a random sample from a normal population

1 )
N D Show that t=" 2 -’-':2 is an unbiased estimator of 1 T

i=1

£ Solution:
It is given that N (u, 1).

That means the mean is W and variance is 1 in the standard normal
pgpulaticm.

E(X)=p and Var(X]=1¥ i=1,2...n
We know that  Var[X]=E[X;]1-( E[X] )’
Now E [X;]= Var [X;] + [E (X1

E[X]=1+p?

_pl L 2
E(N=E| Z X

Hence ¢ is an unbiased estimator of l+u2.
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Probability and g ati
—lly

_?,H?
I.Pé;ampl ’ '

Let X1,X2,X3 ... X, be random samples on a Bernoulli pa,,-ab"
taking the value 1 wu‘h probability © and the value with 0 vy

T(z-1)
probability (1 —0). Show that ———— p— is an unbiased estimay, of g

n

where T= Z

# Solution:
Since X; takes only the values 1 and O with respective Pmbabiliﬁﬁ

0 and (1 —8) we have
E[X]=1-0+0(1-6)=0

E(X}=12-0+0*(1-0)=6
Var [X]=E[X] - { E[X] }?
=0-6°
=6(1-6)

n n

n
EM=E Y X|= X EXI= 3 0=np.

i=1 i=1 i=1

Var (t)=Var [X; + X, + X5+ ... X, ]]
= Var [X,] + Var [Xp] + ... + Var [X, ]

The covariance terms vanish since xj, x5, X3 ... X,, are iﬂdependent

n n

Var [t] = Var Z X; [= Z Var [X]]

j=] i=1

=Y 06(1-6)=n6(1-6).

i=1

2T e e 4 -
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3.11
g,ﬁ".l‘ij-"—" Theory i——
E[t*]=Var[1]+ [ Ef1) |
=n@(l-0)+n 0
E[t?]=n0{l-0+n0|
t(t-1) 1
= i
Now E[n(n-—l):l n(n-—l)E[T“ )]
= [E (<)) - E (1))
n(n—l
= % 8)-n 0]
n(n—-l)[ne“ 6+nB)—-n
= [nB—n82+n232-ﬂ91
n(n-1)
n(n_l)[nﬁ (n-1)]
.Y
. (T_ 11) is an unbiased estimate of 8.
n-—
— ——
Example: | 9

In a company, an engineer wishes to apply the mean of a random
mple of size n =150 (large sample) to estimate the average mechanical
gptitude of assembly line workers. Based on his experience, the engineer

assumes that 6= 6.2 for such date. What does he assert with probability
(.99 about the maximum size of his error?

#1 Solution:
It is given that n=150,06=6.2 and Z 4,5 =2.575.

We know that the maximum error of estimate for large sample when
¢ known is given by

E=Zy,. \r_hzs?s[{%) 1.30,

Hence the engineer asserts with probability 0.99 that this maximum
error of estimate is 1.30.
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42 Probability and Statissi,
—Jicy

Exampie 70

A machine worker wishes to determine the average time it takes ,
mechanic to rotate the tires of a lorry, and he wants to assert with 95¢
confidence that the mean of his sample is off by atmost 0.50 minute, |,
he assumes from pis past experience that ¢ =1.6 minutes, how larg, ,
sample will he has to take?

3 Solution;

It is given that E=0.50, 6= 1.6 and Zyps = 1.96. Since the size o
the sample is not known, we have to find the size of the sample first

Z -0‘2 v
{ o Hw}ﬂmw

E 0.50

Hence, the worker will have to take 40 mechanics to perform the
task of rotating the tires of a lorry.

—

| Example: | 1 I

In 6 determinations of the melting point of bowl, a chemist obtained

a mean of 232.26°C with a S.D of 0.14°C. If he uses this mean as the
actual melting point of bowl, what can the chemist assert with 95%

confidence about the maximum error?

&3 Solution:
It is given that n=6,5=0.14,154; =3.365 for n—1 =35 degrees of

freedom. Then we know that

Ezrm[%J=3.365[%gJ= 0.19.

Hence, the chemist asserts that with 98% confidence that his value
of the melting point of bowl is off by atmost 0.19 degree.
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g

INTERVAL ESTIMATION

Using point estimation, sometimes we may not get dasifcd d:ﬁ ::
jracy in estimating parameter. Hence by replacing the pom[fe:majnit}'
interval estimation, we can assert with reasonable degree ©

it they will contain the parameter under consideration.

Dzﬁgjtion:

The interval estimate of an unknown parameter 9 i
e form <0< U. Here the end points L and U depend 0:‘: t Say
alve of the statistic 6 for a sample on the sampling distribution

g an mtcﬂ’a] of
he nummca]

£ 0.

The advantage of an interval estimate over a point estimate l:s li‘:;
e interval estimate is formulated in such a way that we can asi;'tatﬂﬁ
confidence that the interval contains the parameter. The interval es
e called confidence intervals.

Deﬁnition: Confidence Interval

The 100 (1 — o) % confidence interval for the parameter g is in the
form of [L, U] such that P[L<8<U]=1-0, 0<a<l. Here L and U
e called the lower and upper confidence limits respectively (1—@) 15
e confidence coefficient or the degree of confidence. When 0= 0.01, the
confidence coefficient is 0.99 and it has 99% confidence interval.

351 Confidence interval for the mean when ¢ is known

Suppose that we have a large (n2>30) random sample from a

population with unknown mean W and known variance o

For large n, Z =X—;H" a random variable is having the standard

\

normal distribution.
SP=ZypSZsZpl=1-0

.
I
N
S
N
>
[
=
N
S
i
|
=]
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3.14 Probability and Statistics

3.5.2 Large sample confidence interval for 1, c known

Definition:

If x is the sample mean of a ran
population with known o°, the 100 (1 —0) % confidence interval on W is
given by

dom sample of size n from a

o o
,t—Zm-_\f*—:‘_ijJ.E.r+Zafg' =7 g

The above confidence interval formula is
samples from normal populations for large samples.

applicable only for random

3.5.3 Small sample confidence interval for p, c unknown

Definition:
For small samples (n < 30) and the sample is from normal population,
we have to use t-distribution.
If x and s are the mean and S.D of

distribution respectively with unknown variance O
interval is

a random sample from a normal
2 then the confidence

E—rm-q%c:p*:fﬂm-% with n—1 degrees of freedom in ¢

distribution,

WORKED EXAMPLESJ

LExample: 1

A random sample of size n= 100 is taken from a population with
6 =5.1, x =2.16. Construct a 95% confidence interval for the population
mean |L
# Solution:
Give that n=100, o=5.1, x=21.6,
1 -0=0.95 a=0.05 and Z,» =Zy a5 = 1.96.
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We know that for large sample (n

=] interval for
j when © known is 00) the confidence in

a

~Z z .

5.1
21.6 - 1.96 <U<216+196( 2L
[3100] H<2lo+196] o

=206 <pu<226

x

Thus we can assert with 95% confidence that the mean (W) lies in
he interval (20.6, 22.6). ’

'IExample: —21

Construct a 99% confidence interval for the mean given that n =80,
7=18.85 and s* =30.77.

A Solution:

Given that n =80, x=18.85, s*=30.77 then s=5.55.
We know that

z-zm.(;f—;};p{hzm[—%]

5.55 5.55
= 18.85—-2.575
(:‘L:BO ]c: i< 18.85+ 2.575 [m)
= 17.25<u <2045

Itis 99% confident that the interval from 17.25 to 20.45 contains the
werage L.

Example: ﬂ

The mean weight loss of n = 16 grinding balls after a certain length
of time in mill slurry is 3.42 grams with a 8.D of 0.68 grams. Construct

%% confidence interval Jor the true mean weight loss of such grinding
balls under the given conditions. it

£ Solution: o

Since n= 16, it is belonging to small sample.
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Also it is given that n= 16, x= 3.42, 5=0.68 and I oos =2.947 for

n—1=15 degrees of freedom for p, we have
= 5
X—1lon" '\;%‘-‘I-l‘:»f"'fm & =3
0.68 0.68
(ie) 3.42-2.947 {ﬁ }: p<342+ 2.947 [——-ﬁ

= 292<p<392.
We have 99% confident that the interval

the mean weight loss.

from 2.92 to 3.92 contaipg

Theorem 1: If S2 is the variance of a random sample from an infinite

21 =
population with finite variance 02, then E[S ]—02.
Proof: We know that, if X, X3, X3 ... X, constitute a random sample,

n

then X =1 Z X; is called the sample mean and
n

n
2=-1 Y (X;-X)? is called the sample variance.

n-1
i=1

n

Then E[s=E| — ¥ *-X’

n-—1
i=1
l [ n _ ;
=H—IE Z (Xf_X+“_“)
i=
F n
Lk Y (x-w-&x-w)
n=1 ¥

f

n —
LB Y (x-wP-2@-m K- K-
i=1

n —
LY Ex-p?-28 Y K-wE-W+E Y X-p’

i=1

=] i=1
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n
[ 4 -
= > EX-p?- Y EX-p

i=1

i=]

we know that E [(X;~u)*)=¢? and E[(X - =1
= n
o E[$Y=— -
(9 o= Y - Y nc’-
L i=1 i=1
=—Lpuoz-vn-vl-gz:l
n—lL n
i
-n—llnczﬁczl
=L _(n-1¢?
n-1
E[$Y=¢*

If we select one of the several unbiased estimators of a given
prameter, we select the one whose sampling distribution has the smallest
nance. To verify whether a given unbiased estimator has the smallest
wnance, whether it is a minimum variance unbiased esthgatur (also called
+best unbiased estimator), we can use the fact that if © is an unbiased
stimator of ©, that the variance of 8 must satisfy the inequality

Var [6] > 1

2
d Inf(x)

were f(x) is the value of the population density at x and n is the size
i the random sample. This inequality is called the Cramer - Rao
mequality.

A -
Teorem 2: If © is an unbiased estimator of 8, and

1

2
alnf(x) ;.f'
n-El:[-—-——-ﬂae J } N

then © is @ minimum variance unbiased estimator of 6.

Var [6] =
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I Example: : I
81~

A sample of size 25 from a normal population with variance o,/

produced a mean of 81.2. Find a 0.95 level of confidence interval
the mean.

#3  Solution:

; is known
We know that the confidence interval for the mean when c

is given by

= = c
P{X—Zm-%<pcx+zmq-—4n=:l= ] =0
n

Then it is given that X=81.2, 6> =81,n =25 and Zg2 = 1.9 e
o’ =81; o=9,

9
31.2—1.96%qp<8].2+1.96ﬁ

9 9
812- 1965 <u<812+196%

= 81.2-3525<pu<81.2+3.525
= 77.675<pu<81.725
= (77.675, 81.725)

__J

| Example: | 5 I

Show that X is a minimum variance unbiased estimator of the mean
W of a normal population.

#1 Solution:

We know that the probability density function of normal distribution is
_1[ x-p ]2
2\ © ) for —se<x<oo,

I
fO= 5 ¢
Take log on both sides
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oo bbolda

nf{szln— e*%[k ]
! o V2n

Inf(x)=1In - “‘}E]Hn[e_%[%] ]

o LR
Inf(x)=-=InoV2n 2[ = \]2 (D

['.'Ir{%)ﬂnA—-lnB. In1=0, and ine‘=x)

Differentiate equation (1) partially w.r.to p

2
9 _9|_ _1fx-p
au[lnf(x)]—ap[ Ino\2m -3 = }}

Then
) 2
3 RETNY
{fgona] 13(2]
2
=LE[[£‘_“ ]
o’ o
=t st
i 7
2
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L —

l 1 o

. T 1 ~"n
3 n-;—._;
H-EHapllnf{xH} j\

and since X is unbiased and Var [f]:;*, it follows that X is 2

minimum variance unbiased estimator of |L.

e

Definition: Most efficient estimator

If in a class of consistent estimators for a parameter, there exists one
whose sampling variance is less than that of any such estimator, it is
called the most efficient estimator. Whenever such an estimator exists, i
provides a criterion for measurement of efficiency of the other estimators.

Definition: Efficiency

A ' ; .
If 6, is the most efficient estimator with variance v, and @2 IS any
A,
other estimator with variance v, then the efficiency E of 85 1s defined a

Vi
E=—
V2

Here E cannot exceed unity.

@ CONSISTENCY

In the preceeding section, we assumed that the variance ot: an
estimator or its mean square error, is a good sign of its chance ﬂucmanm:}
The fact that these measures may not provide good criteria for this
purpose. For large n, the estimators will take on values that are very clos
to the respective parameters.

Definition: Consistency

The -statistic 0 is a consistent estimator of the parameter 6 if and
only if for each ¢>0
lim P[B-6/<cl=1.

n—eo
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Consistency is an asymptotic property. That means limiting property
- of an estimator. When n is large, the error made with a consistent estimator
will be less than any small preassigned positive constant. The kind of
convergence expressed by the limit in the above definition is called
convergence in probability.

- Theorem 3: If ﬁ is an unbiased estimator of the parameter 0 and
Var [6] — 0 as n — oo, then ﬁ is a consistent estimator of 6.

Example:| 6 I

Show that for a random sample from a normal population, the
sample variance S* is a consistent estimator of @

£ Solution:

We know that if S° is the variance of a random sample from an
mfinite population with the finite variance o, then E {Sz )=02 . Since §°

is an unbiased estimator of o it is obvious that Var [52 ]— 0 as
A= oo,

Also we know that if X and $° are the mean and the variance of a
- random sample of size n from a normal population with mean p and S.D

' @, then

(i) X and 5% are independent.

(n—1)
02

n—1 degrees of freedom.

From the above definition, we find that for a random sample from a
normal population.

(i) The random variable

$? has a Chi-square distribution with

26"

Var[Sz]=

n-1

It follows that Var [Szl—rﬁ as n— oo, and thus 5% is a consistent
estimator of the variance of a normal population.
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Prove thai in sampling from a normal population N (|, Uz), the
sample mean is consistent estimator of

#3 Solution:
In sampling from a N (1t 0°) population, the sample mean X is als

normally distributed as N [ u.iﬁl ]

E[i’]=u and Var [X =2:—.

Hence as n — 0 E{E:p. and Var[ﬁ=0.

Hence by Theorem 3, X is a consistent estimator of L.

e —

SUFFICIENCY

An estimator 8 is said to be sufficient if it contains all the information
in a sample relevant to the estimation of . (ie) If all the knowledge about
@ that can be gained from an individual sample values and their order can
be gained from the value of 8 alone.

Definition:

The statistic 8 is a sufficient estimator of the parameter © if and only
if for each value of 8, the conditional probability distribution or density
of the random sample X, X, ... X;, given 8 is independent of 0.

Definition:

A random variable X has a Bernoulli distribution and it is refered
to as a Bernoulli random variable, it and only if its probability distribution
is given by

f(x,0)=0"(1-6)'"* for x=0, 1.

e
“_
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example: -

|
If Xy, Xy X5... X, constitute a random sample of size n from a
pernoulli population show that
6=X1+XZ+X3+... +X

n

n
| is a sufficient estimator of the parameter 6,

£ Solution:
By the definition of Bernoulli distribution we know that

flx; 8)=0"(1-0)"* for x=0. 1.

Now f{xl';B):B'ti[l-"B)l_xi »x=0,1and i=1,2,3...n

n
= f@pXxux3...x)= 11 g% (1 —@)! ~%i

i=1

i X; n=- s X;
=B,'=| {l_ﬂ) ;‘g‘}
=0"(1-0)""*

8 -
=0"9 (1-)"n8 g xi=0or1landi=1273..n
Also since X=X, +X, +X3...+ X, is a binomial random variable
with parameters © and n, its distribution is given by

b(x; n,0)=nC, 6" (1-0)"*
and the transformation of variable technique, we have

g(§)=nC},§ B"a(l —El}"""’ﬁ for §=0, —i— o |

SO X0 X3 ey Xy 5 ﬁ) FOp, x5, x50 x,)
n x ma— .
g (8) G

" g’*ﬁ{l__e}HLHE o ]
”Cnﬁaua{l __ﬁ)u—-nﬁ nCng

1
nCy

Downloaded from EnggTree.com



EnggTree.com

3.24 Probability and Statistics

= I for x;=0 or 1

nCy 4 xy 45,4 .3,

and i=1,2,3.4...n

This does not depend on @ and that ?}:% is a sufficient estimator
of 0.

Example: _g—l

Show that 1’=%[XI+ZXZ+3X3] is not a sufficient estimator of

Bernoulli parameter 9,
#  Solution:
Since we must show that

f(xp, X9, X3, ¥)
80)
s not independent of O for some values of X,, X, and Xj.

flxy Xp x9y) =

Let us consider X, =1,X,=1 and X3=0.

y=1

6[X1+2XZ+X3]-~[1+2 1+3.0]

1
g

3_
6
P[XIHI X;=1,%; %0, ¥=

e

__ f(L1,0)
f(L,L,0)+£(0,0, 1)
We know that f(x;8)=86" (1 —B}I'I for x=0, 1.
f @y xp,x3) =@t 2t 5 (g~ i+ 0+) for x.=0,1 and i=1,2,3.
Here

b | =
| I

Now f|: 1, I,M-—J =

N [

£0,1,00=0" 101 g} -U+1+0-g2 (1 _g)
£(0,0,)=6°* 01 (1-)~©*0* D =p(1 - 6)
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‘ 1Y f,L,0)
A{1or=3)

T, 1L,0)+£(0,0, 1)

_ 8% (1-0)
- e 2
6% (1-6)+0(1-9)

_ 6% (1 -0)
(1-0)[6°+0(1-0)]
B?.
S
(0% +0-06%

Hence it can be seen that this conditional probability depends on .
Thus it is shown that Y=~é— [X| +2X,+3X;] is not a sufficient estimator

of the parameter © of a Bernoulli population.

)
Theorem 4: The statistic 8 is a sufficient estimator of the parameter ©

if and only if the joint probability distribution or density of the random
sample can be factored so that

fxpxg, %3 ... x5 B}=g(§,9]-h(xl.xz.x3---Inl-

where g (6, 0) depends only on 8 and 0 and h (x), X, X3 ... X,,) does
not depend on 6.

[Exnmple: 10 I

Show that X is a sufficient estimator of the mean | of a normal
population with known variance o>

B Solution:

_ We know that the probability density function of a normal distribution
is

By making use of the above fact, we have
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L V¥ 4% [x"”T
X, X9, 23 .0x, 1 1) = v 2 o
1+ X2 X3 ... X, S 1) [U{E{J € i=1

n

Let 2 (x;— p)? Z [.tr-—].l.+f-—ﬂ2

i=1 i=1

=Y -+ Y G-w

i=1 i=1

=¥y =07 +n & —p)°

We get

2
& )
f(1111‘2113...x";u)={0£-£e oAl }x

n=1 P& (=X
Y- . e ?, [ ¢ ]
Vn | o\2n =1
Here the first term on the R.H.S depends only on the estimate X and

the population mean i, whereas the second term on R.H.S does not depend
it. Hence by the above theorem 3, it follows that X is a sufficient estimator

bl | =

of the mean 1 of a normal population with known variance o’.

ROBUSTNESS

One of the important statistical properties is robustness. Robustness
is an indicative of the extent to which estimation procedures are adversely
affected by violations of underlying assumptions. That means, an estimator
is said to be robust if its sampling distribution is not affected by violations
of assumptions. Such violations are due to out liers caused by outright
errors made by reading instruments or recording the data or by mistakes
in experimental procedures. They may depend on the nature of the
populations sampled or their parameters.
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For example, when estimating the average life of an electric
component, we think that, we are sampling an exponential population,
whereas actually we are sampling a Weibull population, or when
estimating the average income of a certain age group, we may um_e a
nethod based on the assumption that we are sampling a normal population,
whereas the population is highly skewed.

Indeed the most questions of robustness are difficult to answer. When
t comes to questions of robustness, we face all sorts of difficulties
mathematically and most of the parts can be resolved by computer
simulations.

e

—

METHODS OF ESTIMATION

So far we have discussed the requisites of a good estimator. There
may be many different estimators of one and the same parameter of a
population. Hence it is desirable to have a general method that yield
estimators with as many properties as possible. Now we will briefly outline
some of the important methods for obtaining such estimators. The most
commonly used methods are

(i) Method of moments.

(i) Method of Maximum Likelihood Estimator (MLE).
(ii) Method of minimum variance.

(iv) Method of Least squares.

(v) Method of minimum Chi-square.

(vi) Method of inverse probability.

In this section we shall discuss about the first two methods only.

310.1 The method of moments

The method moments is one of the oldest methods among all the
methods. The method of moments consists of equating the first few
moments of a population to the corresponding moments of a sample,
getting as many equations as are needed to solve for the unknown
parameters of the population.
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Definition:

The 4" sample moment of a set of observation xy, X3, X3 ... X, is the
mean of their k™ powers and it is denoted by m;”.
n
; 1
1€ =— :
( ) m,-( i Z X,
i=1
Hence if a population has r parameters, the method of moments
consists of solving the system of equations.

my' =y, where k=1,2,3 ... r for r parameters

= — - iy

WORKED EXAMPLES I

Example:| 1 I

Find the estimator of 0 in the population with density Junction
fx,0)=0x"1: 0<x<1; 0>0, by the method of moments.

& Solution:

The first moment about the origin of the population is given by
1 1
= I xf(x)dx= I x-0-221dx

0 0
; l&)+l1
= 8 gy=0| % | [ )
o]ttt
0
A
STyl

The first moment of the sample (x;, x5, X3 ... x,) about the origin is
given by

i=1
By the method of moments we know that
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[
W, =m where k=123 r
F m ¥ = }_ B
B = 0+1
= O=x(0+1)
= O=x0+x =20-x0=x
= B[l-X]=x = a=1";
————————— =

[rampte:] 2 |

Let (xy,x3,x3...x,) be a random sample from the uniform

1 . 2<x<b. Find
b-a

the estimators of a and b by the method of moments.

population with the density function f(x ; a,b)=

# Solution:

The first moment about the origin of the uniform population is given
by
b

b
w= [ rr@a= [ x—

b—-a

__1 _f_I_.L[éf_i]
_b—a_2 “b-a|l 2 2

1 [pP-d] 1 [eta(-a
b-a| 2 2

dx

" b-a

The second moment about the origin of uniform population is given

b b
w= | 2feyde= | E.{bia]m

a
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{3l 5]

) |la +ab+b2]

"-"\-L

J_
b-

|.12'=%[a2+ab+b2].

The first moment of the sample (x;, X, X3 ... X,,) about the origin is

given by

i=1

The second moment of the sample (x;, X, X3 ... x,) about the origin

is given by
l n
i1 i
my =2 Z 1,2 5
i=1
By the method of moments we know that p,"=m;" and Uy =my
, b+a -
I-ll =m = 2 =X
=» a+b=2x o b
Similarly W =my’ = —13-(&2+ab +b2)=.'j’2
= a’ +ab+ b = 35* )

Using the equation (1), we have b=2x—a
By substituting b=2x—a in equation (2) we get

P+a@3-a)+(2x-a)’ =35

)
= a 2 2ax-a*+4x +a*-dax- 35 =0

-2
a?-2ax+4x —35 =0

-
=5 a —(2;?)a+(4.r —35) 0
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-

This is a quadratic equation in terms of a.

2x+ V(=27 -4 @x* -3 o —-bi"Jbz—-zia']
a=

2 S 2a

2x+V4x2—16x°+ 125
= 2

a

a=§+'\/§2—4;2+33
e e BT
=xtVN—-3x"+3s
L a=%£\3 (7 -3 - (3)

Similarly from equation (1); we have a=2x-b

By substituting a=2 x—b in equation (2), we get

b=x+ m ... (4
Since a < b, we have

a=x-— m and

b=x+\3("-x%)

e ———— - — = S

[ampie:| 9 |

Let (xy,Xx3,Xx3 ...x,) be a random sample from a population with

density function f(x; 0,Q)= ge -1, x> Find the method of
moments estimators of © and |L

£ Solution:

The first moment about the origin of the given population is

My = _[ x - f(x)dx= J x-0e 01 gy
m M

n'=06e'° I x-€ 9% dx
K
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getd

':.ﬁf;'"le *X{E—BI]-[E—BI]]E
0
| o ),
[ -6x -0
_ ol e e
=-0e'"| x T = T
- n
[ -0p -0
8e'° {040} {1.1 = ~ H
-0 -0p
L] £ e
=0£‘|'l Lill 0 o= 92 :|
-uo -ne
I g €
= qE 0e
e’ G+ 2
e fiid
_I'l+e
b=+t
. 9 e (D)

b= | 2 fwde= [ 20 M0

M m
u2’=ﬁfpaj e ¥ dx
u

-0x -0x —-0x
_ 8 .2.]¢ _ e e
=0é [{x)[_eJ {Zx)[ 2 J+(2)[_93 ]I

-Bx -0x -0x
=eeuﬂ[_xze9 _Zreez “2833 :[-
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1Y /p-__

[ -0x -0x -0
:—Be"le xze +2xe +2¢‘ I

2
_al B 2k 2
-B[B+92+93]

. 2 2
H2 =I—'-2+—H+—§

0 ¢ .. (2)
n
The first moment of the sample is ul’=% 2 X=X

i=1 )
n
The second moment of the sample is u2’=% 2 x,2 =5
i=1 e (@)
We know that by the method of moments we have
W'=m and p,’ =my
’ ’ - 1
S E=Em =2 3=+
1 1 0 » (5)
Also Wy =my’ = p? +2—M+—25=.s*2.
% o .. (6)

From equation (5), we have %:E—p..

Substitute %:I—u in equation (6), we get

W+ 20 G- +2 G-p)l =52
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—
u2+2u3—2p.2+2(x +p2—233u)—32=0
-2
wWRepi-2u2+2x +20>-4Xp-52=0
-2
W-2xp+2x —52=0

_2
= W2-2)p+Rx -sH=0

This is a quadratic equation in [

_221\/(—23)2—4(1)(2}%52)
B 2

4.\’2—8x2+4sz

l Example: | 4 I

For the probability mass function

ra-p’*
(x' =k' 'I=1,2,3.
PR g .
Obtain the estimator of p by the method of moments, if the [frequencies
at x=1,2,3 respectively 22, 20, 18.

# Solution:

1
fop)=——"——""3B@3;p)
1-(1-p)
The first moment about the origin is

; 1

W =—-73p
1-(1-p)°
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The mean of the observed sample is given by

1x22+2x20+3x18 116 29
22 +20+ 18 @) s’

By the method of moments p,"=x.

X=

3p 29
p-3p+p 15

= 29p*-8Tp+42=0

Solving this equation, we get

87 + 51.
= —is—sﬂ =2.395 (or) 0.605.

Since 2.395 is inadmissible, p = 0.605.

@ple: 5 ]

A random variable X takes the values 0, 1, 2 with respective

obabilities 3~ 8,% +2 (1~ )@ and 52 [+@a-18 where o

od O are the parameters. If a sample of size 75 drawn from the
population yielded the values 0, 1, 2 with respective frequencies 27, 38,
10 respectively, find the estimators of o. and 0 by the method of moments.

—9]+1x{%+2(1-u}9}
+2x{l;

%+2a6
by’ = E [X%] =0 x {—%- }+12x{%+2(1—ﬂ)9}

+22x{1;a —1)9} o

=2—%0:+(6(1—2)9

e ——; e e —

£ Solution:

B | =

I11'=E[X]=0><[

“+Qa—ne}
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m,:38><1+10x2__5§

1 75 T 75
o2 1 2 2, _78
my =5 =73 B8x1°+10x2 ]-75
By the method of moments, j1," =X and |.L2'=52
&, 058
= I—E—+2u9—75 and
3 _78
2*20&1»(6&-2)9—?5
Solving the above two equations, we get
_34 _ L
a=33 and 9_50

| Example: | 6 |

Given a random sample of size n from a gamma population, use
the method of moments to obtain formulas for estimating the paramelers
o and 3.

#  Solution:

We know that the s moment about the origin of the gamma
distribution is

, Bre+n

Hr Tot

The " moment about the origin of a random variable X, denoted by
W, is the expected value of X',

o =EX)= Y, X f( for r=0,1,2...

X

when X is discrete and
lrl-l-'i -

o0
¥

B =EX])= I x"- f(x) dx when X is continuous.

-— 0
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The system of equations we have to solve is

m"=u," and my" =p,",

reyr=ploe+l Pola ‘.'Tn+1=nTn)
MM T T e T T s
= u'=ap
,_|321"0.+2_,Ef(a+1)1"u+1
Then M2 ="1q = o

= Bz (a+ Dola
oo

=B (a+1)

. mlf__'-ulf:aﬂ al'ld m»2’=|l,2'=0152(ﬂ+1].

Solving for o and [, we get the following formulas for estimating
the two parameters of gamma distribution.

(m 1 ')2

n

: 1 - ,_1

Since my’=— %" X=X andm'=— % i, we can write
i=1

n

) Z (Ij—ﬁz
) n =
o = = and E;= e

Z (xi__)z nx

(]

H

3102 Method of Maximum Likelihood Estimation (MLE)

Prof. R.A. Fisher, the prominent statistician, proposed a general
method of estimation called the method of maximum likelihood estimators
MLE). He had explained the advantages of this method by showing that
it yields sufficient estimators whenever they exist and that maxunum

lkeihood estimators are asymptotically minimum variance unbiased
estimators.
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Definition:

If x), x5, x5 ... x, are the values of a random sample from a population
with the parameter 0, the likelihood function of the sample is given by
L (6] =f(x}, x,, X3 ... X, 0) for values of 6 within the given domain. Here
J(xpx9, x5, ... X, ; ) is the value of the joint probability distribution o
the joint probability density function of the random variables
Xy sz X3 Xﬂ at Xl =II.X2=I2 Xﬂ = Xp.

(ie) L=f(x,0)f(x5,0)...f(x,, 8= TT f(x; 6)-

i=1

Hence the method of maximum likelihood consists of maximizing the
likelihood function with respect to 0, and we refer to the value of 8 which

maximize the likelihood function as the maximum likelihood estimate of 6.

|

The principle of maximum likelihood consists in finding an estimator of

the parameter which maximizes L for variations in the parameler. Thus if
. AA .

there exists a function 8 =8 [x;, X5, X3 ... x,] of the sample values which

maximizes L for variations in 8, then 8 is to be taken as an estimator of
0.8 is usually called Maximum Likelihood Estimator (M.L.E).

Thus 8 is the solution, if any of,

Since L>0, so is log L which shows that L and log L attain their
extreme values (maxima or minima) at the same value of ﬁ The above
two equations can be rewritten as

l_a_L_ alogL=
Al TR

This equation is usually referred to as the Likelihood equation.

3.10.3 Properties of maximum likelihood estimators

& logl
Property 1: The first and second order derivatives _B_l_g_g_L_ and —ﬁ-—

exist and are continuous functions of 9 in a range R, for almost all x.
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For every 6 in R

2

d d
L l0gL<F,(x) and | —logL
20 1 aez g

< F5 (x) where Fj (x) and F>5 (x)

are integrable functions over (— o0, 00),

3

property 2: The third order derivative ~a—51(}gL exists such that
00
33
g log L | <M (x) where E [M (x)] <K, a positive quantity.

Property 3: For every 0 in R,

P T i
EI:—-aEz—-logL = I I ...[—a—eilogL:lLdrl,dxz----dxn

— o0

is finite and non-zero.

Property 4: The range of integration is independent of 6. But if the

mnge of integration depends on 6, then f(x,8) vanishes at the extremes
depending on ©.

Theorem S5: Cramer Rao’s theorem
With probability approaching unity as n — oo, the likelihood equation
iélog L=0 has a solution which converges in probability to the true value 0.

(ie) M.L.E are consistent.
Theorem 6: Hazoor Bazar’s theorem

Any consistent solution of the likelihood equation provides a

- maximum of the likelihood with probability tending to unity as the sample
- size (n) tends to infinity,

| Theorem 7: A consistent solution of the likelihood equation in
ssymptotically normally distributed about the true value 8. Thus 8 is

asymptotically N [ By, }T:‘}_) ]
0

The variance of M.L.E is defined by
Var [ﬁ] - :

18) e |
L&l
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WORKED EXAMPLES I
Exampie | 1
Given x successes in n trials, find the maximum likelikood e/

of the parameter § of the corresponding binomial distribution,
#3 Solution:

Since the likelihood function is

n

LIO]=f (% ... %, 0)= T f(x;:0).

i=1
We know that the probability mass function of binomial dist

P(X=x)=nC.p*q"~* where x=0,1,2,...

is

To find the value of 6 which maximizes
L[8)=nC,- 6" (1-6)""".
It will be convenient to make use of the value of 8 which m
L [6] will also maximize

log [ L [6] ] =log [nC, 0" (1-6)" 7]

log [ L [6] ] =log (nc,) + log 6" +log (1 —8)" ~*
log [L [8] ] = log (nc,) +xlog 8 + (n —) log (1 - 6)
Differentiating equation (1) partially with respect to 8 on bo

d 1 1
= = ey = -1).
38 log [L (8)] =0 +x E,+(J'I x) 1-0) (=1)
dlog[L(B)] _x n—x
M 0 1-9
We know that the condition for the maximum likelihood estin—
dlog L -0,
d0
x n-Xx
.25 =0
6 1-6

@D | =
Il
l—-la
| |
D | =
|
c:‘l
(=]
=
|1
-
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1 _n—x | _n-x
o 1= : = Tl +1
1 _n-x+x S
| 0 X 0 x
=12
n
: X
| . We found that the likelihood function has a maximum at 6= e

This is the maximum likelihood estimate of the binomial parameter 6 and

we refer to 6=-§- as the corresponding maximum likelihood estimator.

—— T
===

\F-E;ample: 2

If xy,x5,%3...x, are the values of a random sample from an
exponential population, find the maximum likelihood estimator of the
parameter ©.

# Solution:
Since the likelihood function is given by
n
L[O]=f(x;,x5,%3...%,;8)= 1 f(x;;0).
i=1
We know that the probability density function of exponential

distribution is f(x) =X e ™ where x20.

The mean of the exponential distribution is E [X] =}—f=i'

The variance of the exponential distribution is 6~ =-l—.

-1
—
. For the parameter 0 ; f(x;B)=[é}e3 ?
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;)

. From the above condition; f(x; ; 6) '—'{é ) e®

" -
L191={—;-]e3[.§. }

Now take log on both sides.

ot =l s o1
log [L (8)] = log [IEJ o = J

/] :_] i X,
log[L(B}}:]og é—j+logee[,‘-| J

log [L(8)] = nlog[ J % Xi
* - (1)

1=

—

(. log.e=1)
Differentiate (1) partially with respect to 8, on both sides.

aL(B]zﬂ |

06 8

i=1
dl. (8) 1 :
—a-.g—=0=ﬁ—g+? ..l,=0
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e

+, The maximum likelihood estimator is §=x.

e —

If X4y X3, X3 ... X,, are the values of a random sample of size n from
a uniform population with o =0, find the maximum likelihood estimator

| 4B

£ Solution:
We know that the probability density function of uniform distribution is

I
B-o

s o<x<P.

fx)=

— B+
The mean of the uniform distribution is E[X]=X= i 7

The variance of uniform distribution is cr?‘:-l—li-(B—a)g-
Since the likelihood function is given by

LI®l=f(x), x5, X3...5,:0)= IT f(x;;0).

i=1

For the parameter B (i.e. a=0)

f(x;B)=% since =0

f(x,-;ﬁ):[é-]"

LBl= T f{x,»;ﬂ}=[l).
i=1 B
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Now take log on both sides. We get

log [ ()] = log[

1
B
1
log [L (B))=nlog| = |-
B (1)
Differentiate equation (1) partially with respect to B on both sides

=

flogL®1_ 1 _(_1
B .1[ i
B

ﬁ[logL(ﬁ)]-—Bg- ﬁ

“Since ﬁ[log [L(O)]=0 = f-B=0

:E:O.

B

For B greater than or equal to the largest of the x’s and 0 otherwise.
Since the value of this likelihood function increases as [ decreases, we
must take P as small as possible and it follows that the maximum

likelihood estimator of B is ¥, the n'™ order statistic.

|

— - — e

i Example:| 4 I

If X;,Xy,X; ... X, constitute a random sample of size n from a i

normal population with mean | and the variance o’, find joint
maximum likelihood estimates of these two parameters.

&y Solution:

Since likelihood function is given by i

n

L[O]=f (x|, Xp X3 ... X,:0)= T1  f(x;;0)
i=1

= Lkol= 0 n@;no

i=1
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p—

We know that the probability density function of normal distribution
is
2
2
hO)=—T5—€ “L © ) where —so<x<oo, —0o< <0, 0>0.
fx; K, 0) gy =

The mean of the normal distribution is E [X] = L.

The variance of normal distribution is Var [X] = 0.

. The S.D of normal distribution is ©.

n
Here L[u,02]= IT  n(x;uo0)
i=1

f

2
L flgip0)= ]h Lk
Gw’_

= -1 : 2
4 _2 E (x;— W)
Ly, 0% = E Vr—] &

Now take log on both sides.

n n
[ 1 —12 E (xj—i.t)21

logL[u,ol]:lﬂg%—[m} -{

1 Y — Z (5 -R)
ngL[u.62]=10g[Gﬁ] +log{820 - }

log L [1, 6] =— 2 10g (6?) - B 10g (21 _ L = 2
2 zg()%zgl (x;— 1) "

The likelihood equations for the simultaneous estimations of | and

d
o are ElOg L=0 and —a~logL=0,

902

Differentiate (1) partially with respect to K on both sides

2 L g
o OBL (WA =-"5 F 20-w) 1)

i=1

Downloaded from EnggTree.com



. 4

EnggTree.com

3.46 Probability and Statisics

n

%[Lcu. =:r1)'1=;1—E 2 -w

i=1

. d
Since -‘i [log L (i, 6°)] =0

1
=5 (xj—p)=0
g

i

n
= npU= 2 x;p = ;’;E X;

= u=x e (2)
Hence |1=7 is the maximum likelihood estimator for p is the sample
mean.

Now differentiate (1) partially with respect to o, we get

I

d n( 1 11 2
e 1Y (S A (i — W)~
d {]ogL{u‘GZ)} 2( }+2 0-4 f:zl

d
Since — [log L (i1, 6°)] =0,
ince aaﬁ[ gL (1

nl 11 _
3y gt & W
i=1
n 1
1 2_n
— X }::——
26 L 2¢6°
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i

l Il
UZ‘J; 2 I,'.l:I-~-|.l]|2
i=1

Hence from equations (2) and (3)

. (3)

n

_ = |
We have u=x and 02:?; Z [,Juzl-ﬁp}2
=

rn

) 1 2 ;
& Uz_;:- 2 (x;—=%)* =5 is the sample variance.

i=1
Here it is noted that E(W=E[X]=p and
E[6’]=E[s] 20

Hence, the maximum likelihood estimators need not necessarily by
unbiased.

Example: ﬂ

Find the maximum likelihood estimator for the parameter A of a
Poisson distribution from n sample values. Also find its variance.

4 Solution:

Since the likelihood function is given by

L[9]=f(x1,x2.x3...x,l;3]= [1 f':fl;ﬂl
i=1

We know that the probability mass function of the Poisson

distribution with parameter A is given by

Downloaded from EnggTree.com



. 4
EnggTree.com

3.48 Probability and Statistic,

A 43X

PIX=x]=p(x,A)=" 0<x<eo

n

_,,;k 2 ':—21 X

L[A= ﬂ fiih)=
=1

I- !.Iz 1- E .l'n I-
By taking log on both sides, we get

x;
e"h ;‘E

log L [A] =log R TIN
R St

¥:

log L [A] =log [e";']+log£l E, :}H log [x) ! xp ! oo Xy 1]

n n

logL[A]=—nA+ Z x; |log A - z log (x; 1)

»_1 -"-‘-:l

1=
n

logLA)=-nk+n¥xlogh- ¥, log(x!
i=1 - (1)

Differentiate (1), partially w.r.to A on both sides

[lngL(l}]——n+ nx- il:

J "
Smcc n [log L (A)] =0 then l

Thus the maximum likelihood estimator for A is the sample mean x. *
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The variance of the estimate is given by

L__g| [ 2 1og1
Var [A] ~ 2 el ®

Find the maximum likelihood estimator of the parameters o. and
\ (A being large) of the distribution

A A —hr
SF&xs50,A)= ﬁ —le® IJ' ¥ 1 0Sx <o, A>0
o
F you may use that for large values of ),

a
V@A) = lngl"}s, logl—-andw {l}-% ne

2\ 23.,,1'
A Solution:
Let x|, x5, x3...x, be a random sample of size n from the given
population. o

Since the likelihood function is given by
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L=fGnxpx3..x,:0)= T f(x;;0).

1=

Then for this problem

"

L= .n ETHY

i=1

n L n
- l ?\. e z 'rl'
“[_]"?_«.} [E] e i (-'-’;?L_l}-

By taking log on both sides, we get

; 1A r
logL{x;ﬂ..l]=Iag[Fl};J'+lug{%] _Hoge-EIE i

-
n

+log| ¥ @Y

n

IogL=nlﬂg[[r1“ +nllcg[§}—-}i Z T
o (]

i=1

+A-1) Y log(x).

“logL=n[log (1)~log [TA]+n A [log A loga]
n n
A
-2 Y x+0-D Y log(x).
i=1 i=]

n
A
logL==nl A A = =
og nlog (T'A)+nAlogA-loga] o b
i=]
n

+(A-1) Y log(x).

i=1

If G is the Geometric mean of x;, X5, X3 ... X,, then
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n n
1
log G e Z log (x;) = nlogG= Z log (x;) -

=} i=1

~logl=—nlog (T'A)+nh(log—logal

A
_a-nx+{l~l}ﬂlﬂgG . (1)

where G is independent of A and o
The likelihood equations for the simultaneous estimation of o and
), are

d
—logL=0 and —a—lugL=0

dol oA
Now, from (1) we get —-logL=nA| -1 |+2 n¥=0
_nl+—%+nff=0
a «
A — nk
SnE=——
o o
0o nk
o Anx
= L=i, s ﬂ.‘;i.
o X
d
Also —1 =
31. ogL=0
| 1 e
' -n| log A —— : o 1| nx »
| [ g %]+n[l (log A —log o) + A l] r"L+1r:lmg(]7 0
| 1 %
e —+| 1- 1 -—— |=0
! 21[ loga+log G "
~ 1+2A[log G—logx]=0
= 1-2Alog é =0
™ 2A log % =1
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————

1

Zlog[%}.

- Hence the maximum likelihood estimators for o.and A are given
by

= A=

e e e e
| Example: l 7 I

A random sample X has a distribution with the density function

o,
f(x)={‘“'“)" ’

0; otherwise
and a random sample of size 8 produces the data
0.2, 0.4, 0.8, 0.5, 0.7, 0.9, 0.8, 0.9.
Find the maximum likelihood estimate of the unknown parameler
o, it is given that
In [0.0145152] = — 4.2326.

# Solution:

Let us choose a random sample X}, Xj ... X, of size n from the
population of X. Since the maximum likelihood estimator is given by

n
L=ft, X% %y i0)= T f(x;56).

i=1
For this problem, the above equation is rewritten as

n n :
Ligl= T fly:o)= M (o+1)x%.

i=1 i=1
n

Ligl=(+1)" Y af.

i=1
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Take log on both sides, then we get

n

log L [a] =log| (0.+ 1)" 2 X

i=]

=log (a+1)" +log x

-

-
]
—

n

log Llal=nlog(a+)+alogl ¥ x

i=1
= log L[] =nlog (ot + 1)+ o log [x; + %, + x5+ ... + X,

The condition for the maximum likelihood estimator is

3 -
3 Hog [L(@]]=0.

Now differentiate (1) partially with respect to o, then we get

d 1
BalugL[a]=n{u+l

- log [x) +x+x +‘..+xl=—L.
4753 "o+l

For the given sample, we have

log [0.2%0.4x0.8%0.5%x0.7x09%0.8x 09]=- Ll
o+

= log [0.0145152 =~ 3

o+ 1

—42326=——3_

o+1
8

a+l=153%
8

= = -
=232 !
o.=0.8901

~» The maximum likelihood estimator for o is 0.8901.

J"‘lﬁg [xl +.¥2+I3 + o +xn] =0

(1)
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Example: ‘ 8 |

The pdf of a random variable X is assumed to be of the form
f(x)=cx®; 0<x<1 for some number and constant c. Jf
X1, X5, X5 ... X, is a random sample of size n, then find the maximum
likelihood estimator of o
#1 Solution:

Since the maximum likelihood estimator is given by

n

L=f(x}, % x3...%,:0)= TI fx;50).

i=1

Before finding the M.L.E we have to find the value of the constant

We know that the total pdf is If(x)dx-—‘l

1
For this problem we have I ex%dx=1

5 { L -0}=1
o+l

= c=0+1

~. The function given in this problem is f(x) = (o + 1)x%.
n

Lloj= T f(x:a)= TI (o+1)x*.

i=1 i=1
n
Liol=(@+1)" Y &)
j= ]
Take log on bothsides, then we get

n

logLla]=log| (@+1)" Y ()

i=
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n
= log [(o+ 1)") + log z (xi)™
i=1
n
=nlog(a+1)+alag Z X
i=]
log L [a] = nlog (ot + 1) + ot log [x) +xy + x5 ... + %] (1)

The condition for maximum likelihood estimator is

j—[] L =1}
Ja ogL(a)]=0.

Now differentiate (1) partially with respect to ., then

d 1
é‘a[logll(a)]=ﬂ*(a_i_1)+log[xl+x2+x3...+xn]=0

——

L T =—log [x; +x, ... + x,]

=g n
log [x) +xy+ ... +x,]

=o+1

n
o=-1-
log [x; +xp + ... +X,]

which is the maximum likelihood estimator for oL

EExampIe: i—l

Find the maximum likelihood estimator of the parameter \ of the

Weibull distribution f(x)=Aoax* " 1¢ A for n>0, using a sample of
size n, assuming that o is known.

|
£ Solution:

Let X|,X,...X, be a random sample of size n. The maximum
likelihood function is

n n

LIM= T fea M= T Aa® 'e*: x>0,

=] i=1
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e

\

n s
—lz X;
L=Na" ¥ e D

i=1
Take log on both sides. Then we get
- o-1 A Y 5
log [L (A)] =log (A") + log (") + log Z X
i=1

n n

log L (A)=nlogA+nlogo+(a—1) 2 log (x;) —A Z X
i=1 =1 (

The maximum likelihood estimate equation is

d
- L(A)]=0
aklog[ )

Differentiating (1) partially with respect to A, we get

d 1 o
= N]=n-~—- x'=0.
= log (LM ]=n"3 El

n
n o e = PR
IS Z xl‘ ﬁl—' n

i=1

This is the maximum likelihood estimator of A.

Example: l 10 I

The lifetime of a device has a pdf
fx)= 3¢ x4 where x>a.
For a random sample of size n, find the maximum likelihood estimat
of the parameter a.

#  Solution:
Let us choose a random sample X;, X,, X5 ... X, of size n from t
population. The maximum likelihood estimator is given by
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A

Llal=f(x|, xp. x3..., x,:0)= T flx;:a).

n n
W L@= N Bdx=3" Yy ot
i=1 :
=
Take log on both sides, we get
n

log [ L (a) ] =log| 3" &™ Z %

i=]
log [ L (a) ] =log (3") + log (@™ + log Z xi"‘
i=1

n

log[ L(a)]=nlog3+3nloga-4 2 log x;
=1 . (1)
. . d
The condition for M.LE is ?log[L{a)]=0.
a
.9 i
..aalog[L(a}]—lin-E:O.

=5 3—”=U.
[

Which does not yield a solution. So we choose a, such that L (@) is
maximum, which occurs if a= min [X 1 X2, X3 ... X,

Hence the maximum likelihood estimator of a is

a=min [X}, X5, X;...X,].
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'Example:| 11

A sample of n independent observations is drawn from the
rectangular population

0<x<B,0<P<ee

1
fepy=1{ " _
0; otherwise

Find the maximum likelihood estimator for P.

#3 Solution:

Since the likelihood estimator function is given by

n
L=f(x1.x2,x3...xﬂ;9}= H f(-xt:e)

i=1
]n

1 n
L[Bl= [ E ] [Refer Example 3]

Then for this problem

= | —

= H f(I,‘QB}=[

i=1

Now take log on both sides, then we get

log [L (B)] = log[ H‘

1
log [L (B)l=n log[ 5] i (D)

Differentiate equation (1) partially with respect to B on both sides

(%)

‘._

= | -

‘"B
BZ

Il

" =
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d
Si S - L ~
ince B [log L(B)1=0 :,-,_B_o = %4(}_

<. Here =00, an obviously absurd result.

So we have to shows B so that L[B] is maximum. Now L is
maximum if B is minimum. Let x;, x,, x;... x, be the ordered sample
of n independent observations from the given population so that,

Osx)Sx<xy..<x, <P = B2x,

Hence the minimum value of B is consistent with the sample is x,.
the largest sample observations B=x,

Example: I 12 I

Obtain the maximum likelihood estimators for o and P for the
rectangular population

1
ra .
- <x<f

SJxs0,B)=

0; otherwise
A Solution:

Since the likelihood function is given by

n
L[9]=f(x,,x2,x3...x";9}= I f(x:0).
i=1
We know that the probability density function of uniform or
rectangular distribution is given by

1

s a<x<f.

f(A')=B

i=1

L o, B] =f(x, %0, %3 ...x,; 0, ) = Fl [—l—}

~. In this case L [a, |3]=(~[-3—1—T.

Now take log on both sides
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n

log { L [c, B] }=log{[ﬁ—i£} }

log [L (ot B)] =n - 1"3{131(: )=—n log (B-a)

-(1)
Now differentiate (1) partially with respect to o and .

K] log [L (o, B)] =—n

_ |
dot (B—o)

2 log [L (o, B)] =

da. |3 o

. d B
S m V=T
ince o log [L (., )] =0 = B—a 0

. B—0.=o which is an obviously negative result.

Now B log [L(o,B)]=—n-

" H = n -
Since aBmg{L(a prst==pg =0=F &

Again in this ease also p— o =c° which is an obvious negative.

So we find M.L.E’s for cand by another form.

B_.

n
Now L [c, B] :L—lE is maximum if (f — of) iS minimum. B takes
the minimum possible value and o takes the maximum possible value.

Hence as in Example (7),
aSx Sxp$xy ... SX; <P, Thus B>x, and o<x, Hence the
minimum possible value of B consistent with the sample is x, and the

maximum possible value of o consistent with the sample is x;.
Hence L is maximum if B=x, and a.=x,.
o=x; = Smallest sample observation and

B=x,= Largest sample observation.

e e e———— et L

————————
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Example: il

Obtain the maximum likelihood estimators of o and B for a random
sample from the exponential population,

f(I;OL,B)=yue‘ﬂ{"'“}, A<SxSeo,
Yo being a constant.

£ Solution:

Let us determine the constant y, from the total area under a
probability curve is unity.

L=

.)’[} I E_B(x-u}dx=]

o
; [e—ﬂ{x~a} "
0 _B =
= _—ﬂ)i‘l[e‘“-e*”]ﬂ
Yo
=5 —-—[0-1]1=
|3[ ]
Yo
= —=1
B
Yo=P

Then the given probability density function becomes
& f(xs oL BY=8 e—ﬁ(.r—ul‘ < x <o,

If x;, x5, X3, ..., X, is a random sample of n observations, from
this population, then

n n
L= 11 f(x:0B)= II Be"ﬁlﬁt‘ﬂ)

i=1 i=-—1

L=|3"l:eh|3 z ui_m}:ﬂ“-g‘"ﬂﬁ-u)

Downloaded from EnggTree.com



s |

EnggTree.com

3.62 Probability and Statistjc |7

e

Now take log on both sides, then we get
log [L] =log [B" - ¢~ " P&~ %]
—-n ﬁ (T - (Z)]

=log (B)" + log [e

log L=nlog B—np (x—0) w () |4
The likelihood equations for estimating o and B are given by '
d d J
—log L= d —logL=0. ,
Y. ogL=0 an B g p
{
Differentiate equation (1) partially with respect to o and B. ;
d 1
—logL=-nB(-1)=0 r
oo, (8 B(=D /
= np=0 -0 |°
50
= =0 p
) 1 (

—logL=n-—-n(x-a)=0

ap p

=2 _pG-0)=0. .
B ~(3) |
Substitute (B =0) equation (2) in equation (3), we get b
il

oL = which is a absurd result.

(ie) B=0 and o =-co are inadmissible values.

Thus the likelihood equations fail to give valid estimates of o and
B by maximizing L.

L is maximum = log L is maximum. |-

From equation (1), log L is maximum for any value of B, if (x-0) |

is minimum which is so if o is maximum. i
If x|, X, X3 ...x, is ordered sample then 0
0Sx1Sxp <Xy ... SX, S0, a

So that the maximum value of @ consistent with the sample is xj, !

the smallest sample observation o= Xx;. N
Consequently, from equation (3) we have _ c
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I _ s ~ |
S=x-0)=x-x; = p=——.
ﬁ X - X
Hence maximum likelihood estimators for ¢ and [ are given by
|
X- 1'1

o=x; and B==

——— T —

L

Whenever the given probability function involves a constant and the
range of the variable is dependent on the parameters to be estimated, then
we have ro determine the constant by taking the total probability as unit)

and then proceed with the estimation part.

2. From Examples (8) and (9), it is understood that whenever the range

of the variable involves parameters to be estimated, the likelihood

equations fail to give valid estimates and M.L.E. are obtained by following
Some other methods.

e

@ THE ESTIMATION OF MEANS

In section 3.2 we dealt with point estimation. It does not reveal on
how much information the estimate is based nor does it tell anything about

. A
the size of the error. Hence we have to supplement a point estimate 6 of

9 with the size of the sample and the value of Var [8] or with some other
information about the sampling distribution of 6.

An interval estimate of © is an interval of the form B; <B< 97 where
el1 and 92 are the values of appropriate random variables 81 and B‘:

P [91 <f< 92] =1 —aq, for probability | —o. For a specific value of
I—o, it is referred to ﬁl <B<§2 as a (1-o) 100% confidence interval
for 6. Here (1 — @) is called the degree of confidence and the ends of the

interval 91 and 62 are called the lower and upper confidence limits. It is

noted that, like point estimates, interval estimates of a given parameter

are not unique. The methods of interval estimation are judged by their
varous statistical properties.

Suppose that the mean of a random sample is to be used to estimate

the mean of a normal population with known variance o°. The sampling
distribution of X for random samples of size n from a normal population
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with mean u and variance o> is a normal distribution with

u§=}1 3nd0’2=%-—_

Then we know that from section 3.4 maximum error of estimate

P —rmsx;”szm =1-o.
\n
= P E‘—“lgzw =l-a
o)
"
(or) PIﬁE—msZM-@- =]l-0.

Theorem 8: If X is the mean of a random sample of size n from a

; 2 : .o T
normal population with mean | and variance -, 1ts sampling distribution

is a normal distribution with mean p and variance -

Theorem 9: If X, the mean of a random sample of size “n” from a

normal population, with known variance 02, is to be used as an estimator
of those mean of the population, the probability is (1 — o) that the error

will be less than
g
Zm*[ﬁ]-

Theorem 10: If X is the value of the mean of a random sample of size

n from a normal population with known variance o?, then
S Zypy <P <XHI £
¥=lon BT g

is a (1 — &) 100% confidence interval for the mean of the population.

Theorem 11: If X and s are the values of the mean and S.D of a random

sample of size n from a normal population, then
AY

— 5 —
X=Ilap n-1 'T";{u(x'l'fuﬂ,n—l g .\E;

is a (1 - 0) 100% confidence interval for the mean of the population.
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LWOF{KED HAMPLESJ

Example: ‘ 1 I

A team of efficiency experts intends to use the mean of a random
ample of size n =150 to estimate the average mechanical aptitude to
ssembly-line workers in a large industry. It, based on experience, the
fficiency experts can assume that 6= 6.2 for such data, what can they
ssert with probability 0.99 about the maximum error of their estimate?

&2 Solution:

Given that n =150, 6=6.2 and Zo.005 = 2.575, substitute these values
n the equation,

6.2
= 1.30.
V150

Hence the efficiency experts can assert with probability 0.99 that their
eror will be less than 1.30.

Zap %, we have 2.575 x

\Example:| 2 I

If @ random sample of size n=20 from a normal population with

the variance o* =225 has the mean x = 64.3, construct a 95% confidence
iterval for the population mean .

& Solution:

It is given that n =20, x=64.3, 6> =225 and Z; 5= 1.96.

We know that, if x and o are known, then the confidence interval
formula is

- Y - o
x—ZmTE<u<x+Zm-\{—;

15 15

64.3—1.96-&(;1{64.34-1.96-@

= 57 7<u<709
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Example:| 3

A paint manufacturer wants to determine the average drying time
of a new interior wall paint. If for 12 test areas of equal size he obtained
a mean drying time of 66.3 minutes and a standard deviation of 84

minutes, construct a 95% confidence interval for the true mean .

# Solution:
It is given that
} = 663. n= 12, 5= 84 and 10_025. 11 - 2201

If x and s are known then, the 95% confidence interval for [ is given
by

_ s = 5
x—fafz,n-l'ﬁ<u<x+fm,n—1 =

8.4 84
66.3-2.201 - =<1 <663 +2.201 - =

= 6l0<pu<71.6

That means we can assert with 95% confidence that the interval from 61.0
minutes to 71.6 minutes contains the true average drying time of the paint.

Example:| 4

A district official intends to use the mean x=61.8 of a random

sample of 150 sixth graders from a very large school district to esu‘nmtf
the mean score which all the sixth graders in the district would get if

they took a certain arithmetic achievement test. If, based on experience,
the official knows that 6=9.4 for such data, what can she assert with
probability 0.99 about the maximum error?

#3 Solution:
It is given that x=61.8,06=9.4,n=150 and Zygos = 2.575.
We know that if ¥ and o is given then the confidence interval formula
is
9

- = o
I‘zma'\;;<ﬂ<x+zm"\/':
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9.4 9.4
= 61.8-2. C—_— 575 - 7==
375 150 <P <61.8+2.57 J150
= 61.8-1.9764 < L<61.8+ 19764
59.8236 < u < 63.7764.

Thus she can assert with 99% confidence that the interval from
18236 to 63.7764.

‘xample: | : l

A medical research worker intends to use the mean of a random
mple of size n =120 with x=141.8 mm of mercury to estimate the
ean blood pressure of women in their fifties. If, based on experience,
e knows that 6=10.5 mm of mercury. Construct a 99% confidence
werval for the mean blood pressure of women in their fifties.

5 Solution:

It is given that n=120,x=1418 and o =10.5, Zy 005 = 2-375.

We know that if X and o are given then the confidence interval
omula is given by

10.5 10

141.8 — 2.46817 < 1 < 141.8 + 2.46817
139.3318 < 1 < 144.2682

Example: ﬂ

A major truck shop has kept extensive records on various transactions
Wh its customers. If a random sample of 18 of these records show average
ules of 63.84 gallons of diesel fuel with a S.D of 2.75 gallons, construct
%% confidence interval for the mean of the population sampled.

141.8 - 2.575 -

o o — 8]

I—Zan<u<x+ZM-T;
LS
20

& Solution:
It is given that n=18,x=63.84,6=2.75 and Z 5 =2.575.
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If x and o are known, then the confidence interval is

x—Zsp \?—<p<1+2w-, %

= 63.84-2.515 - $<p<6384+2575£

63.84 — 1.6691 < |1 < 63.84 + 1.6691
62.1709 < p < 65.5091

@ THE ESTIMATION OF DIFFERENCES
BETWEEN MEANS |

From normal populations, we can find for independent random
samples
(X, - Xp) — (1 — 1)
0 9
ny

has the standard normal distribution. If we substitute the above
equation in
P[—ZM<Z<ZM]=I—{I

the pivotal method gives the confidence interval formula for

K1 — M2
If X, and x, are the values of the means of independent random

samples of sizes n) and n, from normal populations with known variances

Gf and 0% then
o] O = o
() —x) = Zop +—j <y =My < = X) + Zop —:+'2
n
is a (1 -0 100% confidence interval for the difference between the

two population means.
This formula can also be used for independent random sample from
non-normal populations with known variances when n; and n, are large

samples (ie. nj 230 and ny 2 30).
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To construct « (1 —0) 100% confidence interval for the difference
xtween two means when ny 230, ny 230, but 6, and @, are unknown,

e simply substitute s, and s, for o) and 0, and then we have to proceed.

Vhen G} and G are unknown and either or both of the samples are small,

he procedure for estimating the difference between the means of two

omal populations is not straightforward unless it can be assumed as
51 =02

If Gl =02 = O then

7o (E1 —_)Ez)‘(ii] - Hy)

"l "2

1 is a random variable having the standard normal distribution and
¢ can be estimated by pooling the squared deviations from the means of
he two samples. Then the pooled estimator is defined by
(ny = 1) ST+ (ny — 1) S

ny e I'I2 -2

2
Sy =

i an unbiased estimator of . Now the independent random
variables,

(n;—1) 8} (m—1) 8
N and ———=
o o
have Chi-square distributions with n—1 and n,—1 degrees of

fredom, and their sum is given by

Y

_(ny - 1)s?+(n2—1)s%_(nl+n2—2)se
o o & F
has a Chi-square distribution with ny+n,—2 degrees of freedom.

If the random variables Z and Y are independent then

reZ  _Xi-X)-(y-p)

Y
0 e O o »
HI+H2_2 nl Hz =
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has 1 - distribution with n) +n, —2 degrees of freedom. Substituting
this expression for T into
Pl~ton n1<T<tgpp-11=1-0.
We have the following (I1-o) 100% confidence interval for
Hy — Hyp.

If x;.x5 s5; and s, are the values of the means and the standard

deviations of independent random samples of sizes 1 and n, from normal

populations with equal variances, then

o 1 B
(-‘1‘12)"m.n,+n2-2'5p ;]-+”2 <H —H2

1 1

‘:(}1‘—‘52)+fcc/2,nl+n?_—2'sp ’_‘T n,

is a (1-0) 100% confidence interval for the difference between the
two populations means. Since this confidence interval formula is used
when n; and/or n,, are small less than 30, we have to use the small

sample confidence interval for [ — lp.

‘ Example:| 7 |

Construct a 94% confidence interval for the difference between the
mean life-time of two kinds of light bulbs, given that a random sample
of 40 light bulbs of the first kind lasted on the average 418 hours of
continuous use and 50 light bulbs of the second kind lasted on the
average 402 hours of continuous use. The population S.D are known to %

be (}'1=26 and 02:22.

& Solution:

For o.=0.06 the table value of Zyo3=1.88. It is given that nj =40,
n, = 50, x; =418,x,=402, 6, =26 and 0, =22. ‘

We know that if El.fz,cf ando3 are known then the corresponding

confidence interval is
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= = a g
(Xxi —x:)—7Z7 el P
I 2} 02 n +n.2 <HI—Hp<
o v a a
(tl-x2J+éM i i
“J. M

. = (26)°  (22)
= (4[8 402) 1.88 -74-6—-{-——56— <ul_“2

(26)” (22)°

< (418 —-402) + 1.88 0 s

(16) — 1.88 V16.9 +9.68 <, — i, < (16)+ 1.88 V16.9+ 9.68
(16) — 1.88 (5.1555) < 1y = Hy < (16) + 1.88 (5.1533)
16 —9.69234 < 1| — 1, < 16+ 9.69234
6.30766 < || — ny <25.69234

Hence, we are 94% confident that the interval from 6.30766 to
25.69234 hours contains the actual difference between lifetimes of the two
kinds of light bulbs. The fact that both confidence limits are positive

suggests that on the average the first kind of light bulb is superior to the
second kind.

'_‘Ex ample: ﬂ

Independent random samples of sizes ny=16,n,=25 from normal
populations with o;=4.8 and 0,=3.5 have the means x;=18.2 and
5,=23.4. Find a 95% confidence interval for |i; — iy

% Solution:
It is given that n; =16, n,=25,

X1 =18.2,x,=23.4,0,=48,0,=3.5 and Z; 5 =2.575.
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We know that
— o 0
Xy —X5) — 2
(x) —=X3) = Zyp . +"2 <My = g
— .,} 03
< (x4 —12)+ng ;;?"!’ .

2 2
= (18.2 - 23.4)-2.575 (“l'? +{3 =LA

4.8)" (3.5
< i - 3
(18.2 234)+2.575\Fm +52

(-5.2)-2.575V1.44 +0.49 <, — b, < (—5.2) + 2.575 V1.44 +0.49
(~5.2)-2.575 (1.3892) < p, — 1y < (= 5.2) + 2.575 (1.3892)

~52-357719 <1y — i < (- 5.2) +3.57719

~8.77719 <, -, <— 1.62281

e

E‘__xample: 9

A study has been made to compare the nicotine contents of two
brands of cigarettes. Ten cigarettes of Brand A has an average nicofine
content at 3.1 mg with a S.D of 0.5 mg, while eight cigarettes of brand
B had an average nicotine content of 2.7 m.g with a S.D of 0.7 mg.
Assuming that the two sets of data, one independent random samples
from normal populations with equal variances, construct a 95%
confidence interval for the difference between the mean nicotine contents
of the two brands of cigarettes.

E—
—r

#3  Solution:

It is given that n, =10, n,=8, 5, =0.5 and 5, =0.7. We know that
the formula to find §, is

Sz_(n]—l}S%+(n2r~l)S‘;'
P~ Hi-i"ﬂz'"z
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,\{Ull - 1)51 +(ny—1)85 \[9 (0.5)" +7 (0.49)
= Sp=
ny+ny—2 10+8-2

(0.25) + 7 (0. \jzzﬁnfﬂ \,16
=N 16 5,68

= Sp =0.596

e n, = 10, M,y = S, Si "—‘0.5, o) =0.7, szﬁjgﬁ.
Il = 3]‘ Ez =2.7 and In02s. 16 2.120.

Then we know that, if x,, x, and §,, are known then the corresponding
confidence interval is

— | |
(r—%2) —ton pn 4n,—2° 8 —+—‘f!-’-| 2 <
» Iy 2 P "

— 1 1
Gl_x2)+rm’l,nl+u2—2'sp ;:4‘;;

(3.1 =2.7) = 2.120 (0.596) |75+ <H;~Ha <

(31 = 2.7) +2.120 (0.596 | 7 +

Oclh—-

= (0.4) — (1.26352) (0.4743) <, — I

< (0.4) +(1.26352) (0.4743)
= —0.1992<p; —p, <0.9992

Thus the 95% confidence limits are —0.1992 and 0.9992 m.g. But
here we observe that since this include pj—p,=0, we cannot conclude

that there is a real difference between the average nicotine contents of the
wo brands of cigarettes.
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I Example:| 10

Twelve randomly selected mature citrus trees of one variety hay
mean height of 13.8 feet with a S.D of 1.2 feet, and fifteen rando
selected mature citrus trees of another variety have a mean height
12.9 feet with a S.D of 1.5 feet. Assuming that the random samples y
selected from normal populations with equal variances, construct a 9
confidence interval for the difference between the true average he;
of the two kinds of citrus trees.

(R

& Solution:
It is given that n =12, ny =15,
x1=13.8, x,=129, s;=1.2 and 5, =1.5
The tabulated value is #;gps 25 = 2.060.

We know that

. (n,—1) 51+ (1= 1) 55
P ny+n,—2

o _W(l.2)2+14(1.5}2 _“\/175.84+31.5
P 2+15-2 25

5, =1.3761

i

If X}, X, and §, are known, then the corresponding confidence intery

= 1 1
A

- I 1
<(El"12)+’w2.n,+::2-2'3p E'F'g

(13.8 — 12.9) - 2.060 (1.3761) 1}#% <py -ty

<(13.8 — 12.9) +2.060 (1.3761) % +%
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(0.9) —2.060 (1.3761) (0.3873) < t; — py < (0.9) + 2.060 (1.3761) (0.3873)
0.9 - 1.0979 < u; =y <09+ 10979
—0.1979 < p; —py < 1.9979

= = o ———

THE ESTIMATION OF PROPORTIONS

There are many problems in which we must estimate proportions,
probabilities, percentages, rates such as the proportions of detectives in 2
large shipment of transistors, the probability that a car stopped at 2 road
block will have faulty lights, the mortality rate of a disease. In these
situations, we are sampling a binomial population and hence that our
problem is to estimate the binomial parameter 8. For large n, the binomial
distribution can be approximated with a normal distribution, that

Zon[ X0
n6(l1-0)
can be treated as a random variable having approximately the standard
normal distribution. Substituting this expression for Z into
Pl-Zyp<Z<Zp)=1-0
We get

X-no
P| -Zyp<——=<Z,p |=1~-
[ “2"\n8(1-9) “"2} S
and the two inequalities

x—nb x—-nb

_qu‘u‘n 8(1-0) and Vn@(1-0) <Zan

whose solution will give (1 - o) 100% confidence limits for 6. If X
is a binomial random variable with the parameters n and 0, n is large and

ﬁ=£ then
n

. ,6 1-8 -
6“20:/2 (n ) <B<§+Zm- a(—ln@ iS an approximate

(1-o) 100% confidence interval for 6.
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AX ., :
If 8:? is used as an estimate of 8., we can assert with (1 —o) 100%
confidence that the error is less than

8(1-9)
Fian® —

THE ESTIMATION OF DIFFERENCES

BETWEEN PROPORTIONS

There are many problems in which we must estimate the difference
between the binomial parameters 6, and 6, on the basis of independent
random samples of sizes n; and ny from two binomial populations.

I

If X, is a binomial random variable with parameters 1 and 6}, X,

is a binomial random variable with the parameters np and 6, when n,

and n, are large, and ﬁl == and éz=r£ then,
n

BLa-b) 8,0-8)
HI "2

A A A N
A 8,(1-8) 8,(1-8)
< (8, —62}+zmg'\/ S

is an approximate (1-0) 100% confidence interval for 6, —8;.

Exampla:‘ 11 I

In a random sample 136 of 400 persons given a flu vaccine experienced
some discomfort. Construct a 95% confidence interval for the true proportion
of person who will experience some discomfort from the vaccine.

('§1-ﬁg]'zw_= <0;-6;

# Solution:
It is given that n =400, 6—*—"%"034 and Zy gp5 = 1.96.
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We know that

A A A A
6(l1-9) A B(1-8)
ﬁ-qu-"\/ = <E<B+ZM-'\‘ =
_ (0.34) (0.66) {0.34) (0.66)
(0.34) - 1.96 \j a0 <8<(034)+ |.%1f =00

(0.34) — 1.96 (0.0237) < 8 < (0.34) + 1.96 (0.0237)
0.2935 < 0 < 0.3865

e e ———

—

Eample: 12 l

—

A study is made to determine the proportion of voters in a sizeable
community who favour the construction of a nuclear power plant. If 140
of 400 voters selected at random favour the project and we use

140 _ |
ﬁ=iﬁ=0'35 as an estimate of the actual proportion of all voters in

the community who favour the project, what can we say with 99%
confidence about the maximum error?

A Solution:
It is given that n =400, 8=035 and Z)ys=2.575.

. X
We know that if §=; 15 used as an estimate of O, with

(l-0) 100% confidence that the error is less than

A Py
A 0(1-86)

= i

, . fﬁ(l -8 (0.35) (0.65)
v ZM = =2575 T =0.061 .

Hence, if we use 6 = 0.35 as an estimate of the actual proportion of voters

n the community who favour the project, we can assert with 99%
“nfidence that the error is less than 0.061.

—
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Example: 15

A sample survey of a supermarket showed that 204 of 300 shoppers
regularly use cents-off coupons. Construct a 95% confidence interval for
the Cﬂﬂfﬁpﬂﬂdﬁﬂg true proportion.

#1  Solution:

Give that n= SCO-. g :i::— =().68 and alﬂzs = 1.96.

We know that

A A A
ﬁ—z 9““6»‘ M is an approximate
) - <B<§+ZM n

(1 — o) 100% confidence interval for 6.

Z8032)
(0.68) — 1.964 /%— 03D _ 6« (0.68) + 1.96 O

(0.68) - 1.96 (0.0269) < 6 < (0.68) + 1.96 (0.0269)
0.6272 <0 <0.7327

‘ Example: ’ 14]

A sample survey at a supermarket showed that 204 of 300 shoppers
regularly use cents-off coupons. What can we say with 99% confidence
about the maximum error, if we use the observed sample proportion as
an estimate of the proportion of all shoppers in the population sampled
who use cents-off coupons?

& Soluation:

We know that Zm-‘\’é“nngj
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M Theory 3.79

(0.68) (0.32
= 2.575 -\j ‘——ﬁT——‘ =2.575 (0.0269) = 0.069

~ 99% confidence about the maximum error is 0.069,

S— s — — —
e

mple: | 15
ample: | 15 |

If 132 of 200 male voters and 90 of 150 female voters favour a
wiain candidate running for governor of India, find a 99% confidence
werval for the difference between the actual proportions of male and
imale voters who favour the candidate.

£ Solution:

: 13
Given that 3. =§6§=0.6ﬁ. ny =200, ny =150, x; = 132, x5 =90,

_ 90
8, = T50=0:60 and Zye05=2.575.

X
We know that if 3, =M—l and ﬁ-,r?
| 2

6-8) - 2,0 A\ f By “nl- %, ﬁzﬂm_ﬁﬂ <6,-6,

[ A A
<(61~61)+zm\/9‘{"9“+°2“*@

ﬂl '"1

are given then

(%)

= (0.66 — 0.60) — 2.575 ~ | ©66) (034) _(0.60) (0.40)

200+ 50 <019

<(0.66 — 0. (0.66) (0.34) (0.60) (0.40)
( 060}+2.5';s\l T

= (0.06) —2.575 V0.0011 +0.0016 <8, -6,
<(0.06) + 2.575Y0.0011 + 0.0016
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= (0.06) — 2.575 (0.05196) < 8, — B, < (0.06) + 2.575 (0.05196)
~0.0737< 8, — 0, <0.1937 .

We are 99% confident that the interval from —0.0737 to 0.1937
contains the difference between the actual proportions of male and female
voters into favour the candidate. This includes the possibility of a zero
difference between the two proportions.

Example:| 16 I

In a random sample of visitors to a famous tourist attractions 84
of 250 men and 156 of 250 women bought souvenirs. Construct a 95%
confidence interval for the difference between the true pr oportions of
men and women who buy souvenirs at this tourist aftraction.

# Solution:

Given that n; =250, ny =250, x| = 84,

Xy =156, 20 995 = 1.96, 8, = 25—0-0336 and 6 —250—0624

Ifa - and 6 =2 are known, we know that
m n

8,(1-8,) 6,(1-8
(ﬁl‘az)‘"zma% I{n D, p (1-6)) <0y~
I

L)

8,(1-8) 8,(1-8
<(6,—§2)+Zm’\[ I(Ll ]]+ﬁz{ 2

)

(0.336) (0.663) _ (0.624) (0.376)
* 250

= (0.336-0.624) - 1.96

(0.336) (0.664) P (0.624) (0.376)
250 250

-0, <(0.336 - 0.624) + 1.96
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= (= 0.288) - 1.96 V0.00089 + 0.00093 < B, -8,

<(=0.288) + 1.96 V0.00089 + 000093
= (~0.288) — 1.96 (0.04266) < 6, - 6, < (- 0.288) + 1.96 (0.04266)
= -03716 <0, -0, <-0,2043.

Hence we are 95% confident that the interval from —0.3716 to

-0.2043 contains the difference between the true proportions of men and

wmen who buy souvenirs at the tourist attraction.

—
—

THE ESTIMATION OF VARIANCES

= 2
If X and 5% are the mean and the variance of a random sample of

i n from a normal population with the mean { and the standard
gviation ¢ then

i X and $% are independent.

’ : -1)§*
i) the random variable En—;_zi has a Chi-square distribution with

(n—1) degrees of freedom.

Based on the above concept, given a random sample of size n from
rrormal population, we can obtain a (1 —a) 100% confidence interval for
¢, according to which

(n—1) 8%
o

is a random variable having a Chi-square distribution with (n— 1)
1drgn;-:es of freedom. Then

2 n—1)8
P[XI—mQ,n-»l < L_)__ < ng?..n—-li\=l'u

o?
[ (n—1) s =
R RLr e
Xo2,n -1 X1-02,n-1 |

Thus if % is the value of the variance of a random sample of size
tiom a normal population, then
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(n-1)8§ o) {H—I)ZS:
B e S
Xo2,n-1 Xl1-a2,n=1

is a (1-o)100% confidence interval for o°. Corresponding
(1 —a) 100% confidence limits for o can be obtained by taking the square

roots of the confidence limits for o,

THE ESTIMATION OF THE RATIO OF

TWO VARIABLES

If S:l, and S';' are the variances of independent random samples of

sizes n; and n, from normal population, then

o3 51
o} 85

is a random variable having an F distribution with n;—1 and

F=

n, — 1 degrees of freedom.
[ RS 1

bt e s =1—-0.
PlLfl—w?._n,—l_uz—l < O’%S% ‘:fmfl,nz—l.m—lJ

1
fcﬁﬂ,nl-l,nz-l

St o _Si

1
Y < <<for,n,-1,n,—1"
S%fw?.nlﬁl.nz-l 0'% 2 "2 :

then

Since fl —Oﬂ.nl -l,n—-1 =

52

is a (1 —a) 100% confidence interval for ?‘
2

C ;
Corresponding (1 — o) 100% confidence limits for 6_21- can be obtained

o>
by taking the square roots of the confidence limits for ?1
2
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Example: | 17 l

In 16 test runs the gasoline consumption of an experiment engine
ws a standard deviation of 2.2 gallons. Construct a 99% confidence

werval for o°, which measures the (rue variability of the gasoline
onsumption of the engine.

& Solution:

Let us assume that the given data as a random sample from a normal
opulation. It is given that n=16, S=22. Since ¢ and n are given, then
he corresponding confidence interval is

-1 52 12
(ﬂ,z )S"(:o_'z{ éﬂ 1)S§
:({:U‘E,n—[ xl—-w'ln—l

2 2 2
Here X2, n—1 = X0.005. 15 =32.801 and le—uf.?,Jt“i:xa.??S. 15:4.601.

(16 — 1) (2.2) (16-1) (2.2)
32801 <O < 4.601

15 (4.84) 15 (4.84)
32801 <O < 4.601

22133 < 6% < 15.7792

To get a corresponding 99% confidence interval for G, we take square
ools and get

149<06<3.97

Example: _1_B_I

The length of the skulls of 10 Jossil skeletons of an extinct species
y birds has a mean of 5.68 cm and a S.D of 0.29 cm. Assuming that
uch measurements are nrormally distributed, construct a 95% confidence
serval for the variance of skull length of the given species of birds.

k& Solution
Give that n= 10, s =0.29, x=5.68.
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2 2
We know that “—Zisl{gz {#r_—i_
Xo2.n—1 Xi-o2 n-1
From the table xﬁa*n_l =x{2)'02519= 19.023 and
. 2
Xi-o2,n-1=X0975.9=27-

9(029° 5 9(0.29°

- 19023 <% <27
0.7569 0.7569

= 15033 <% <27

= 0.0398 < 6° < 0.2803

\ Example: ﬂl

A study has been made to compare the nicotine contenis of two
brands of cigarettes. Ten cigarettes of brand A had an average nicotine
content of 3.1 mg with S.D of 0.5 mg, while eight cigarettes of brand
B has an average nicotine content of 2.7 mg with a S.D of 0.7 mg.
Assuming that the two sets of data are independent random samples,
from normal population with equal variances, construct a 98%

confidence interval for c%f 2
& Solution:
Give that n,=10,n,=8,8;=0.5,5,=0.7

Jor, n=lny=1 =foo1,0,7=6.72 and

forn, ny1,my -1 =Fo01,7,0 =561
If -5'% and S'% are the values of the variances of independent random

samples of sizes ny and ny, then
1 o _Si
( e

1
< ?fw?.nz—rl.n,—l
2

|
We know that —
S% fm.’!l_l.ﬂz_l (’2

©5% 1 _91_(05° s
~ 072 6 1)

o
— 0.076 <— <2.862
o5
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